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Abstract

We consider the problem of finding §-stationary points, i.e., z € R? such that
[I[VF(z)|| <4, for smooth, non-convex objectives, where the derivative oracles
are not only stochastic but also biased. In the first-order setting, we provide tight
lower bounds for finding an O((e + B?)'/?)-stationary point, where B is a bound
on the gradient bias, matching the upper bounds of Ajalloeian and Stich (2020).
We then establish bias-dependent lower bounds for algorithms that use higher-
order derivative information for finding O(e + B)-stationary points, where B is
a bound on the maximum bias for all derivatives. To complement these lower
bounds, we develop trust-region based methods that, for certain ranges of bias,
provide guarantees that match the corresponding lower bounds. We further improve
upon the oracle complexity in high bias settings through a higher order variance
reduction scheme, in particular demonstrating the benefits, in some cases, of using
higher-order derivative information, while such improvements are known to be
unattainable for unbiased settings.

1 Introduction

For a smooth function F' : R? — R which has Lipschitz continuous derivatives, and has bounded
suboptimality A such that F'(0) — inf ,cge F'(z) < A, we focus on the task of finding an e-stationary
point: that is, 2 € R? such that

IVE(z)| <€

for some precision parameter € > 0. Finding stationary points is a task that has been explored in
numerous previous works (e.g., [10,|11]) and serves as a natural proxy for finding approximate local
optima.

When working with smooth, but potentially nonconvex functions, finding global optima has
been shown to be intractable. In fact, it was shown that for functions F' whose p derivatives are all
smooth, the worst case oracle complexity of finding a point « such that f(z) < f(z*) + € scales at
least as (1/€)4/P, where d is the dimensionality of the problem [23]. Therefore, we naturally turn to
finding local optima whose gradient norm is sufficiently small. Moreover, just like [23], we refer to
oracle complexity as the number of queries to derivative oracles, where the i order derivative oracle
returns an ‘" derivative estimate of F at a query point .

There has been a collection of work that has studied the oracle complexity of finding e-
stationary points (i.e E||VF(z)|| < €). In [17], the authors derive an O(¢~*) oracle complexity
bound for using first order methods (SGD) to find an e-stationary point. This first order complexity
bound was improved in [16] to O(e~3-5), with the additional assumption that the stochastic gradient
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VF(z,&) was L-smooth. One can also further improve this complexity bound to O(e~?) if the noisy
gradient satisfies a mean-squared smoothness property [6].Moreover, after incorporating access to a
stochastic Hessian V2 F(z, £), we also get a complexity bound O(e~3-5), while also relaxing the
smoothness assumption of the stochastic gradient [25]. There has also been several works which
employ variance reduction (e.g. [15}[26]]), some of which use methods like hessian-vector products to
compute better representations of the gradient and have an even better O(e~3) oracle complexity.

These works are part of a broader literature that assume access to stochastic and unbiased
derivative oracles, where for all derivatives ¢ = 1, ..., p, we have that

E[VF(2,6)] = V'F(z) and E[[V'F(z,€) = V'F(2)|l3, < 07

for some set of variance parameters o1, . . ., 0, and where the noise £ is drawn from some distribution
Pe.

However, in many settings it becomes necessary to relax these unbiased derivative assumptions,
for example in distributed [[14} 4} 5], gradient-free [24]], and bandit convex optimization [[18], thus
highlighting the need to better understand the limits of working with biased derivative information.

In this paper, we establish the limits of biased derivative information for both first and higher-order
settings. We first complement the first-order upper bound in [3] by providing a matching lower
bound. We then show how to handle biased and stochastic high-order derivative information, through
providing corresponding higher order lower bounds and developing higher order trust-region and
variance-reduction based algorithms to complement these lower bounds. We show that, unlike in the
unbiased case [[1], appealing to higher order information beyond second-order information can offer
benefits for certain ranges of bias. In particular, we consider the following oracle model, where for
all derivatives ¢ = 1,..., p, we have that

ViF(x,6,0) = VIF(x) + & (x, 2) + bi(z)
where
E.p.[&i(2,2)] =0 and El[&(z, 2) < 01'2 and Hbi(x)”or) < B

for some set of variance parameters o1, . . ., 0}, and bias parameters By, ..., B,,.
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1.1 Our Main Contributions

We build on previous works in stochastic nonconvex optimization, by now considering a setting
where our derivative oracles are biased as well stochastic. Below, we outline the main contributions
of this paper.

First-Order Lower Bound. In [3], the authors derived the following upper bound for the oracle
complexity for finding iterates {z} such that & 37" ' E||VF(z®)||> = O(e + B}):

ALl ALlo'% )
1

e+ B? ¢+ B}
which is equivalent to finding an O((e + B?)?) stationary point, where L; is the Lipschitz constant
of VF. We derive a matching lower bound that matches the provided upper bound up to constant
factors to demonstrate that the upper bound is tight. This is shown in Theorem I}

o(

Higher-Order Lower Bound. To understand how algorithms that use derivative orders p > 2
would behave in the worst case scenario, we derive the following worst case oracle complexity for
finding € + max; B;-stationary points:

(0% —4(e+ B)?B})A

Q1) -
(1) 32(e + B)302A
03(o2 + B2 2 4 B2 L,
min min{(~— 5 O(Ug q) — )2((11—1)’(0—(172(12)2((1—1)’(7(1)?1'}
q’'€{1,...,p},q€{2,...,p} 2€q—1(01 + Bl — 4(6+ B) Bl) 8(6+ B) Bq 2(€+ B)gq/

where B = max; B;. This is shown in Theorem@ To check if these lower bounds were tight, we
developed algorithms to try and match these lower bounds as closely as possible.



Minibatch Derivative Estimation. We develop an algorithm where each derivative estimate D?
can be computed as an average of n; calls to the i*" derivative oracle:

. 1 & .
D'(z) = ;ZVlF(%ﬁj,bi)
% i=1

where VF is a biased and stochastic i*" derivative oracle. At each step, we solve the following
subproblem:

P
) = argmin Z lD(i) [y — M) +

M
il '||y -
yilly—ax®||<n ;=7 © :

(r+1)
for some M > 8L, where L, is the Lipschitz constant of V7 F'. We found that as p — o0, the oracle

complexity for finding an O(e + max; B;) stationary point worsens, so we run the above scheme for
p = 2. See Theorem [3|for a more detailed description.

@ |ptt

Variance Reduction Based Derivative Estimation. Given numerous previous works which show
the advantages of using variance reduction in derivative estimation, we also utilize variance reduction
based techniques with hopes of improving the bias restrictions and the oracle complexity bound
for finding e-stationary points. We develop an improved oracle complexity bound for finding
O(e + max; B;) stationary points in the constant bias setting, as well as provide a bound for finding a
O((€ 4 (max; B;)?)? (e + max; B;)) stationary point for the high bias setting. Furthermore, unlike
the previous setting, we do see benefits for appealing to higher order derivative information for the
constant bias setting. See Theorem [ for a more detailed description.

1.2 Additional Related Works

Biased Gradient Methods. Here, we briefly discuss some prior work that has been done relating
to biased gradient methods. In [19], the authors proposed a biased SGD algorithm and analyzed
the sample complexities for convex and nonconvex objectives. In [8], the authors explore a balance
between biased and unbiased estimation of the gradient to resolve the tradeoff between the cost
and benefit of computing an unbiased derivative estimation. In [13| 21]], the authors also present
algorithms under biased gradient estimation. In [12]], the authors present an analysis of biased SGD
is convex and nonconvex settings, under weaker assumptions than many previous works in this area.

Deterministic Oracles. We briefly discuss additional related works that give some more broader
context for our work. First, we discuss several known rates for finding e-stationary points for
nonconvex objectives, where the oracles are deterministic (i.e. noiseless and unbiased). First, an
improvement O (e~ ) to the previously known O(e~2) query complexity for first order methods
was achieved in [9] through incorporating second order information and assuming that the Hessian
is Lipschitz continuous, where the lower bound for deterministic algorithms that only rely on first
and second order information is Q(e_%z) [[L1]. Furthermore, the authors highlight how this query
complexity can be improved by appealing to higher order information. In particular, when using p**
order oracles (assuming that all p derivatives are Lipschitz continuous), we get an oracle complexity
of O(e(_l_%)), thereby yielding an O(e~!) complexity as p — oo. Moreover, in [2], the authors
present a method that uses a cubic regularized Newton step to achieve an O~(e* %) oracle complexity
for finding an e-stationary point & that also satisfies V2 f(z) = —e2 1.

1.3 Paper Organization

We formally go introduce our problem setup in section 2] including the function class and derivative
oracle properties. In section[3} we present the lower bounds for both the first and higher order settings.
In sectiond] we present algorithms that use minibatch-based derivative estimation (I)) and variance
reduction based derivative estimation (3). We conclude the paper in section[5] We prove Theorem [3]
in appendix [A] Theorem []in appendix [B] and Theorems[T]and [2]in appendix [C]

Notation. Forsome 1 <1 < p, let Vi F refer to the i*" derivative of a function F' € CP, where C? de-

notes the set of p times differentiable, continuous functions. For all i, [V'F(z)];,,. ;; = %.
1 O0%5;



For matrices A and tensors T, || - ||op denotes the operator norm, and unless otherwise specified || - ||
refers to the operator norm. For a symmetric tensor 7', we let |[T'||op = supy,(j=1 (T, v, ..., v)|.
We also let B = max;<;<p B;.

2 Setup and Background

2.1 Function Class

We consider smooth, differentiable functions in the following function class:
Fp(A,Lyy) = {F:R* = R: [|VIF(z) — VIF(y)|| < Ly||x — y|| Va,y € R, g € {1,...,p}}
where for all F' € F,,(A, Ly.;,), we have that

F(0)— inf F(z) <A
(0) - inf F(z) <

2.2 Oracles

For such a function F' € F,(A, Ly.;,), we consider a class of biased and stochastic derivative oracles
for VIF, ..., VPF defined by a distribution P, over a measurable set Z and an estimator

OV (z,2,b) := (F(z,2by), VF(z,2,b),...,VPF(z, z, by))

where V¢F (x, 2, b,) is a biased and stochastic estimate for V¢ F (). For all z and ¢ € [p], we have
that V9P (z, 2,b) = VFI(2) + &1, 2) + by x), where Bep. [€, (2, 2)] = 0, B¢z, 2)[12 < o2,
and ||by(x)|| < B,. Given variance parameters 4., and bias parameters By.,,, we define the oracle

class O,(F, 01.p, B1:p) to be the set of all biased and stochastic pth order oracles such that the
conditions above hold.

3 Lower Bounds

We first consider the scenario of finding an O(f(¢) + ¢g(B, - . ., By)) stationary point, where f and
g are positive functions of the precision parameter € and the bias terms respectively. In [3], the
authors present the following upper bound on the number of oracle queries for finding iterates {x;}

where 2SSV E||VF(2®)]|2 = O(e + B?) (equivalently finding = € {x,} such that ||V F(z)|| =
O((e+ B})):
AL ALjo? )
e+ B? €+ B}
In Theorem |[I] we derive a matching lower bound that matches the aforementioned upper bound.

Theorem 1. When p = 1, there exists F € F1(A, L) and (O}, P,) € O1(F, 01, B1) such that for
any first-order zero-respecting algorithm ( deﬁnition where € < i and By < O(1), the minimum

o(

number of queries to obtain a (e + B%)% stationary point with constant probability is bounded below
by
ALl ALl 0'%

Q
(e+B% e2+B;1)

Given the matching upper and lower bounds in the first order setting, one natural question was
whether one could observe analogous lower and upper bounds in higher order settings. In Theorem
we derive a lower bound for finding an O(e + B) stationary point using derivatives 1,...,p
for B < ?O’l. The function F' that we will use is a rescaling of the function Fr defined on
line (1} In Lemma we prove that for all 2,y € R, there exists a constant C' > 0 such that
||V Er(x)|| < CV/T. Since we scale this function as the following F:(z) = aFr(Bz) for constants
a, B, we have that ||V Fr(z)|| < C1/T for a different C;. For B > C1\/T — ¢, we need zero
oracle queries to reach such the given stationarity condition, as for any z € R? we have that

|[VF(z)|| < C1V/T, so the lower bound is vacuous for this scenario.



Theorem 2. For all p > 2, A, Ly.p, 01 > 0, € < /o1, and B < ?al, there exists F' €
Fp(A, Ly.p) and (O%., P,) € Op(F, 01.p, B1.p) such that for any p** order zero-respecting algorithm
(definition[), the number of queries to obtain a point an € + max; B; stationary point with constant
probability is bounded below by

(02 —4(e + B)QB%)A.

A1) 32(e + B)32A,

(5 (o2 + B7) ] o; + B}

)T, () T
(0? + B? — 4(e + B)2B?) 8(e+ B)2B2

’ (2(6 + B)fq/

1
2(¢—1)

min{(%2

min
q'€{1,...,p},q€{2,....p} a—1

Proof Sketch. Here, we provide a brief proof sketch, deferring the full proofs to appendix [C| We
outline the proof of Theorem 2] as the proof of Theorem [T] will follow a similar argument to this one.
We first introduce the following “hard” function [[10] where for a fixed 7' > 0 and x € RT:

T
Fr() = ~W(®(1) + 3 [¥(—i1)®(~2) — ¥i1)(a)]

where
0, ifr <
exp(l — ryz), ifz >3,

and we let ¢, represent the Lipschitz constant of the p*" derivative of F’r. We then show how
to construct the following series of derivative estimators for this function (for all derivatives 7 €

{1,...,p}:
[V4Pr(z, 2, b)) = (1+1{i > proggm}g —1)) - (VIPr(z) + b (x))

==

JB(z) = ﬁ/gg e, (1)

th

which crucially account for the fact that the oracles are not only stochastic but also biased. If T' is
a k-dimensional tensor, then 7} is a k — 1-dimensional subtensor where [T;] Givedeor = Ligu,ogu
and prog,, (z) = max{i > 0, |z;| > a}, representing the highest index of z € R that is at least «
away from zero. We carefully devised the above construction such that this collection of derivative
estimators formed a probability-p zero-chain (for some 0 < p < 1) where the following properties
hold:

Pr(3z| prog(VF(z, z,b),..., VPF(z, z,b)) = progi(z) + 1) < p
Pr(3z| prog(V F(z, 2,b), ..., VPF(x,2,b) = progs(z) +14) =0

for all 7 > 1. Through this zero-chain construction (as is well studied in [1} 10, [11}16]), we enforce
that every oracle query can reveal information about at most one new coordinate, thereby requiring
any algorithm to make sequential progress, which yields a lower bound on the number of queries to
make sufficient progress (see appendix [C|for a more formal explanation). Given that we have shown
that {VFp(z, z,b)} form a probability-p zero-chain, we used a scaled version of Fr, parametrized
by two constants « and 3:

Fr(x) = aFr(fr)

where we solved for o and 3 to enforce the required suboptimality, noise, bias, and higher order
Lipschitz conditions. O

4 Upper Bounds

4.1 Minibatch-Based Derivative Estimation

Given these lower bounds, we develop various algorithms to how the upper bounds compared. In
Algorithm[I] we minimize a regularized second order model of our objective F' at each iteration.
In Theorem [3] we prove an upper bound for the oracle complexity of Algorithm I|for reaching an
O(e + B) stationary point.



Algorithm 1 Biased and Stochastic Cubic-Regularized Trust Region

Require: Biased and stochastic oracle (O%., P,) € O,(F,01.p, B1,) for F € F,(A, Ly.p), Preci-
sion parameter e, Initial parameter (%)

1: Find constants {C; }?_; such that (for all n and all ¢ > 1):

C"O'-27J1 ptl

0) N 1
E||D;" — VFD(z ())llﬁ <2'/r.((

2: M < 8L, n < min{(e + max; B;)»,1 — €}

pt1 p+1

3 A JEED e, <Pi4” +2(2yr, BT 4 o(Zeptyiy
P

I M
T 8AA1 4MP
. nptl
5: Pick ny such that
+1
Cy - o} BN 52
ma L0 1y <y < XM By ¥ (maxi o)
(I _ By et e3(1 + max; B;) 7
6: Forall 2 <17 < p, pick n; such that
+1
C.o2 BN )2
max{ ) &b . 11 <n; < (¢ +max; B) 7 (miﬁal)
(i — B )3 (1 +max; By) '+
P

7: fort =0to1T — 1do

8: for i =1topdo
9: Query the i*" order oracle n; times at z(*) and compute
Di(a®) (L) by Ht0) o p,
' - Z VF(x ,bi), P,
j=1
10: end for
11: Set the next point z(*t1) as
p
1 . , M
(t+1) _ : Loy, — gy M @
2" = argmin Dy — 2] + Iy — ]
y:\\y—w“)lléfz; i! (p+1)!
12: end for

13: return & chosen uniformly at random from {z(®}7_,

Theorem 3. For any function F' € F,(A, L1.p), where p > 2, € > 0, with biased and stochastic

p'h-order oracles in O(F, O1:p, B1.p) where B > 9(633%) with probability at least g, Algorithm
returns a point I such that ||V F(z)|| < O(e + B) and performs at most

A(max; ;)% (e+ B)%l(maxz a;)?

p+1 p+1 )

(B +1)5 SB+1)5

queries to the stochastic and biased derivative oracles.

o(

Here, the fact that we require B > Q(e%) is due to requirements of the algorithm in terms of batch
size and that the existence of constants {C;} is guaranteed by Lemmall] Note in the unbiased case
(i.e B = 0), we recover the O(e~3) guarantee known from [7]. Moreover, as p — oo, the oracle
complexity worsens, thereby implying that using derivative information beyond the second order
does not help in this scenario. Therefore, in the minibatch derivative estimation setting, setting p = 2
yields optimal oracle complexity as compared to any p > 2. Interestingly, however, when using
variance reduction, we do realize benefits to appealing to higher order derivative information for
certain ranges of bias.



Proof Sketch. Here, we provide a brief proof sketch of Theorem[3] deferring the full proof to appendix
In Lemma [} we prove that there do exist constants C; that satisfy the condition on line 1 of
Algorithm 1] We then derive a lower bound for F'(x) — F(y) in Lemma 3| for all M > 8L, and
0<n<1 wherex € R'andy € argmin,. ||, _, <, M (2), where m, represents the regularized
p'" order model of F around z using biased and stochastic derivatives:

21 M

(y)=F DOy — gl ||y — ||PT?
ma(y) = Flz) + ; APl =+ oyl — ]

We then extend this Lemma to the case where D(*) are random variables in Lemma |5}, and then

(through using an intermediary Lemma|6)) prove an upper bound of % on the probability of reaching
a point & such that Pr(||VF(2)|| > %7(6 + B)), which completes the proof. O

Below, we also provide the comparison to the lower bound in Theorem [2|in terms of the oracle
complexity.

Bias Regime Lower Bound (Theorem Upper Bound (Theorem

B < O(e) Q(e73) O(e™3)
B =0(1) Q(1) O(e7?)
B=0(19,¢>0 Trivial O(GQ(H;FSP +e73)

This demonstrates that the lower bound in Theorem is tight for B < O(€). We work on improving
these bounds through a variance reduction scheme (Algorithm [3)), succeed in improving upon the
upper bound for the B = O(1) case to O(e~2), and leave further improvements for future work. We
note that if one knew apriori that B = O(e~?) for ¢ > 0, then one can directly return the starting
iterate (9, so in theory, one could match the lower bound for this setting as well. We do not assume
such knowledge in our algorithm.

4.2 Variance Reduction

Given the numerous prior works that have demonstrated the advantages of using variance reduction
for derivative estimation, we investigate the potential advantages of using variance reduction in a
biased setting as well. Many previous works have primarily relied on recursive variance reduction
(e.g. [LS])) to compute cheap estimators of the gradient V F' (x(t)). In our implementation of recursive
variance reduction, we build on that of [7] by estimating V*F(z(")) — V*F(2(**1)) by averaging
Vi+! F-vector products for all i € [p], instead of just doing this with the gradient. To derive this
estimator, we first note that for all 4, it holds that (by the Fundamental Theorem of Calculus) for
all z,2": VIF(z) — VIF(2') = fol ViTlF(zt 4+ 2/(1 — t))(z — 2’)dt. Now, to approximate this
integral, v2ve construct the following estimator for V¢F, where K is chosen to be proportional to
|z — [
ViF= Kilﬁl’“F T

g L V(- )
We reset the derivative estimators according to a defined probability metric b and dynamically set the
batch size proportional to the difference between the current iterate and the previous iterate squared
and incorporate this recursive variance reduction approach for all p derivatives. In Theorem 4] we
analyze the oracle complexity of a variance-reduction based algorithm (Algorithm 2)) for finding an

1

O(e + B) stationary point and a O((e? + B?)2 (e + B)) stationary point.
Theorem 4. For any function F' € F,(A, L1.p), with biased and stochastic pt" order oracles in
O(F, 01.p, B1.p), with probability at least 5 Algorithm returns a point & such that:

* If B=0(1), then ||VF(%)|| < O(e + B) with at most

A(max; 0;)?(e + B)% + (max; 0;)?  Ae+ B)% +1
O( = * ;

queries to the stochastic and biased derivative oracles.

k .
?,z(l)7bi)(x—x')

)



Algorithm 2 Higher-Order Recursive Variance Reduction (HO-RVR)

Require: Precision parameter ¢, probability b, current iterate x, previous iterate Tpyey, derivative
order ¢, derivative estimate with respect to T ey, D Biased and stochastic oracle (O%, P, e
Op(F, O1:p, Bl:p) for F' € fp(A, Ll:p)

1: Set

g
prev>

5(c2,1 + Lit1€)
K= | MO 0D
Setn = [5:;-‘

Sample C' ~ Bernoulli(b).

if Cis 1 or D! . is None then

prev
Query the i*" order oracle n times at x and set

) 1 o - ) )
D = - > ViF(x,29,b;), 29 ~ P,
j=1

6: else
7. Fork e {0,..., K}, set
k k
k
37( ) = ?‘T + (1 - E)(Eprev
8: Query the i*" order oracle at the points {z(*) }fz_ol and set

K
DW= p@ 4 Z @i+1F(w(k—1)’ z(k), bis1), PO P,

prev
k=1

end if ‘
return D)

._
@ 0

« If B> Q(1), then || VF(2)]| < O((€2 + B2)z (¢ + B)) with at most
(max; 0;)? 1

e2(e+ B e(e—i—B)pTJfl

o(

pEL
)P
queries to the stochastic and biased derivative oracles.

Proof Sketch. Here, we provide a brief proof sketch, deferring the full proof to appendix [B] In Lemma
we prove that

E||DD(z®) — VIF(z®)|]? < 4B + %62 + 18B%» + 1882

thereby establishing a bound on the difference in the derivative estimate versus the true derivative for

all derivative orders. We then derive an upper bound for Pr(||VF()|| > %n” ) in terms of B, e,
and the hyperparameters of Algorithm [3in Lemma(8] Plugging the parameters in gives an upper

bound of 2 for Pr(||[VF(2)|| > %n”), which finishes the proof.

Notably, from Theorem [ one can observe the following important conclusions:

* Unlike the purely minibatch-based approach for derivative estimation (utilized in Algorithm
[I), appealing to higher order information does provide advantages in the event where
B=06(1).

e In the B = O(1) setting, we have a significantly improved oracle complexity of O(e~2)
compared to the O(e~3) complexity from Algorithm



Algorithm 3 Higher-Order Recursive Variance Reduction Derivative Estimation (HO-RVR-D)

Input: Precision parameter ¢, Biased and stochastic oracle (O%., P,) € O,(F, 01y, B1.p) for F €
Fp(A, Ly.p), derivative order p .

1: Pick bsuchthat 0 < b < 1,let B = max; B;
2 2
2: Let X = 4B% + %¢? 4+ 18B%» + 18B%
3: Setp = min{(e + B)% 1—¢€}
1 p+1 1
4 Let A= maX(16(p+1)' 2p+ 1! 1(p ) 8- (2p)7],2(p+ 1! [(p) > +4(2p-p)?])
5: SethmaX{(g“‘nfjp )T, (842 5{12 )W (e+B) 5 ,8L,)
n p
6 Set T = [ 45+
7: Set (9 = () = 0, D) = None fori € {1,...,p}
8: fort— ltono
o. D! =HO-RVR(e, b, z®, (=1 D )
10: Set the next point z(*+1) as
(t+1) ~1 0, M (®)
t41) _ . )i t)[|p+1
x = argmin —D [y —z"V]* + lly — 2]
y:Hy—x“)lléniz; i! (p+1)!
11: end for

12: return & chosen uniformly at random from {z(*) tT:+21

* Consider the scenario where B > €2(1). Unlike the previous scenario, appealing to higher
order derivatives does not yield a better oracle complexity. Our intuition is to why this is the
case, is if B > (1), the stationary guarantee is quite weak, implying that there may be little
to no difference between appealing to higher order information and not doing so in terms of
oracle complexity. Moreover, for the p = 2 case, we have an improved oracle complexity
from the variance reduction based scheme in Algorithm [2]compared to Algorithm I|for all
settings of {B; } such that B > Q(1).

5 Conclusion

This paper extends the settings of deterministic derivative oracles and stochastic but unbiased oracles
to consider derivative oracles that are both stochastic and biased. We provide a matching first order
lower bound to complement the first order upper bound that is provided in this stochastic and biased
scenario in [3]]. We further extend this lower bound for algorithms that use second order derivative
information or higher for finding O(e + B) stationary points. Then, to complement these lower
bounds, we developed trust region based methods, that under certain bias regimes, matches the
corresponding lower bound up to constant factors. We then improved upon these algorithms by
incorporating a higher order variance reduction scheme, which improves the oracle complexity for
certain ranges of bias, and in some cases, reveals advantages of appealing to higher order derivative
information.

With regards to opportunities for future work, our upper bound in Theorem [3] only matched
the corresponding higher order lower bound in Theorem [2| for O(e) bias, which leaves open the
possibility of a stronger upper bound. Moreover, it would be interesting to consider additional cases
where appealing to higher order derivative information would be beneficial for algorithms relying on
biased and stochastic oracle access.

LLM Usage. LLMs were used as an assistive tool for checking the algebraic steps of our proofs.
All algorithms, theorem statements, and final proofs were developed and verified by the authors.
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A Appendix A

Lemma 1. Given A; € R4 *dn ywhere d; = ... = d,, = d, and E[A;] = B and E|||A; —
B||?] < o2, we have that

1 — C-o?
E 72 A;—B|} ] < ——
[Iln 2.4 llop] < -

for some d-dependent, n-independent constant C > 0.

Proof. Let X; = A; — B and observe that

B[ Xill2,) <Ex x[l1 Y Xi — X1I12)]
i=1

i=1

=Exxll| ) el Xi — X])I[2,]
i=1

<4Ex. 1) e Xill3,)
i=1

where (X/)_, is a sequence of independent copies of (X;)" ; and (¢;)!_; is a sequence of

Rademacher random variables. Now, take S such that S C {1,...,m}, where |S| = |m/2].
We define

Z; € RIkes de)x (e se di)

to be a flattened version of X;. Let D = min{[[, g di,[[xcse di). so in this case, D = dl™/2.
We now prove that for any p, there exists d-dependent constants C, C, C'3 such that

1
1 Xillop < C2 - || Zills,, < C2C1C5 - D2 - || X [op
‘We note that
||XiH0p

- sup (X, uV ®...@ul™)
uM =1 .. |Jutm)||=1

= sup  (Zi,abF)
llax||=[[b1]]=1

< sup  (Zjab")
llall=I[bl|=1

= ||Zillop < Co - || Zil|2 < Ca - omax(Z;)

for some constant C5, since due to norm equivalence in finite dimensional spaces, there exists
constants C1, Cy such that C - || Z;]|2 < || Zillop < C2 - || Zi]|2- Also,

a =R u®, b = Qu®

kesS k¢S
Now
CQ . UmaX(Zi)

D
< oY o"(Z))%
j=1

= Cy - ||Zil|s,,

< Cy (D02 (Z:))%
= Cy - D% - Oy (Z:)

< CsCy - D% - || Zillop

12



Since

|1 Zillop = sup  alZb
[lall=[[0||=1

expand a and b in their orthonormal bases as follows:

qlm/2l arm/21

a= Z Gn€n,b = Z bsfs
a=1 B=1

which implies that
\aTZib|
=13 aabs(Xisea ® £5)]

a,p
<> laal - 1bs] - [(Xisea ® f3)]
a,B

<> laal - 1bs] - 11Xl lop

a,B
< |1 Xillop - llallx - [16l]x
< C§ ! ||Xi||0p

due to Cauchy-Schwarz inequality and since ||x||; < Cj5 - ||z|| for some constant C's for all z. This
implies that

1 1
D || Zillop < D - CF - || Xiop

which proves the inequality. Now, we have that

2
B[] eXill2,) < C3-E[|| Y il
=1 =1

By Matrix-Khintchine inequality [22], we have that
E_ lesZil 2 )7
i=1
n
<@ -1 2",
i=1

=2 —1)-11) Zllss,
i=1

n

<@2p-1)-)_lZl3,
i=1
<(2p-1)-DY*C}- N N1Zil13,

i=1

<(2p-1)-D'rcicy - |12,

i=1
Taking p = 1, we have that
E Y llaZills,) < DCIC- Y |1Xill3,
i=1 i=1

13



and when taking expectation with respect to X, we have that
n
E[| > eXill2,]
i=1

< C3-DCYC3 - Y E[IX[3,
i=1

< DC2C2Cio

< d"?C3C Y07
Putting everything together and normalizing gives a final bound of

4dm/2C3C3C4o?
n

proving the claim. U

Lemma 2. For all integers p > 1, foralli € {1,...,p} and all t > 1, there exists a d-dependent,
n;-independent constant C > 0 such that

Q
qw
IS

&

. . pt1 L 0% 1
E||D{ — VEO @ )]lof <27 (=) +B," )

Proof. First, we can say that
i i ptl
E[||D{Y — VF!(«®)|| ]
= E[ID} = VF@®) = b ) + bl )
<27 (B[||DS) — VFi (x®) — by(«®)[| 5] + Emb (@®)]157))
<27 (E[||DP — VFi(x®) - b))+ B )
Notice that for any r € [1, 2], we can have that
E[[|D{? — VFi(a®) — b;(a®)|[5,]

n;

—E[| 3 9,0 = 9F ) = bl

H* Z VIF(@@® 209) = VE (20) = by(@W)[[3,])72
j 1
C .o
< i \7T/2
(o
where we have used Lyapunov’s inequality and the result from lemma[I] Thus, we have a final bound
of

0'0'1-2 p+1

27 () B,

n;
which finishes the proof. O

Lemma 3. Given a function F' € F,(A, L1.p), let

||p+1

1 1 G i M
my(y) = F(z) + (D' )7y—$>+;ﬁD()($)[y—$] +W|\y—$

and let y € argmin my(z) for 0 < n < 1. Then, for all M > 8L,, we have that

zi||z—=||<n
M 2p!. 1 pt1
_ e | POV -5 o S G A i _ p® »
Fla) - F(y) > 8( Tyilly =2l = G IVE@) - DY (@)
P pil

)7 IV F(@) = D'(@)llog -0+

14



Proof. We have that F(y) — F(x)

P

1_. : L,
< F(z)+(VF(z),y —z) + =V'F(x)ly — x|" + —z||P* - F(x
< F(z) +(VF(x),y >;Z! (2)ly — =] (+1)|Iy l (z)
1) ~1 () i Ly M ot
< ma(y) +(VF(z) - D (I),y*fl?>+zi*,(VF(x)*D (@))ly — ] +(p+1),||y* ||
i=2
~ 1 (i) i, Lp Pl
< (VF(@) =gy =) + 3 5 (VF(@) = DO@)ly ol + gy —al
i=2
™M
p+1 F _ . _
ST ) ly =2l + [[VE(z) =gl - |ly — =l
+Zg||ViF(I)[y—$,:,---,=]—D(i)(w)[y—$717~-~»1]||op'||y—$||
i=2
since ||y — x|| < n and since 7 < 1, we have that ||y — z||*~* < ||y — z|| for i > 2. By Young’s
inequality, we have that
2p! 1 b1 P ly —a|P*t M
DO — 2l < ((PPE _ p 1 M
IVE(@) = DO@)- ly =2l < () - IVF@) - DO@)F - 2 + (Mo 20
_ (2 2 IVE@) = DO@I ) My — e
M p+1 2(p+ 1)!
and
IV F(@)ly = 2,5 ] = DO @)y — 5, llop - |y — 2]
. . ptl
(2p~p!)%p-||V1F(x)[y—x,:,...,:]—D(’)(w)[y—x,:,...,:moﬁ MHy_prJrl
- M p+1 (p+1)-(2p-p!)
_ , p+l
:(2p-p!)%p~||VZF(I)[y7x,:,...,:]fD(’)(m)[y—x,:,...,:moﬁ MHy*‘erJrl
M p+1 2p-(p+1)!
which implies that
M
" |y — Pt VF(z)— DW Ny —
Sl =l IV EE) = DY@ -y o
P
L oi i
+Zﬁ||VF(I)[y—I,,,]—D()(l‘)[y—ﬂf77,]||0p||y—ZE||
™ 2pl.1 p et My — zf[PH
<7 —z|PTt 4+ () L ||[VF(2) —g|| » + —2—1
‘ p+1
+il 20 VPl =] = DOy =i | Myl
1222' p+1 2p- (p+ 1)!
3M 2p! 1 P Pl
PG | PR} & o 7,0.7. F —_pM >
<—sormil el + ) IVF@) - DO
i} 2p - p' 1p-||VIF(z) — D()( Mot - lly—all M|y —alp+?
— ! p+1 2p-(p+1)!
3M 2p' 1 P p+1
2 |y —z|lPT 4+ . \VF(z) - DW
8(p+1),lly o (G IV F@) - DO @)
ptl ptl
3 1 2op!) s V() - D<Z>< W Ny —all ™ M- Jly —a|f?*?

S“

p+1 2 (p+1)! ]
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We can further bound this expression by

3M 2p! 1 p pt1
2Ty — gl|p PN NVE(z) — DO >
< 8(pH)!IIy z|[" + (57) erl |VF(x) ()|
ISR wtr() - DOy — a5 Ml el
20 M o 2p- (p+ 1)!
M 2p! 1 ptl
T ey — P il VF pM
< gy T G +1 NIVE(@) = DR @)
1 P 2p 'l z i ptl P+l
+§;< a7 IIVE@) = DO @)llog -
M 2p! 1 1< Vo
“spamily T G IVE@) - DG 52 )| V() -
' =2

which finishes the proof.

Lemma 4. Given a function F € F,(A, L1p), lety € argmin,,),_,) <, Ma(2), where

p
1 M
ma(y) = F(z)+ (DM, y—2) + > = )’ + ——lly — |
Z:; i! (p+ 1)
for M > 8L, and 0 < n < 1. It holds that:
1[|VFE(y)|| = %n')] < i”y z||P + L(HVF(.’I?) — DD (z)|| + Z |Vt F(z) — DU+ (z)
- 8p! P Mnp

Proof. We have that

IVF )]
<IVFG) -3 3V Rl o1+ L 5V Pl o
=0 i

p\ly—xl\“rl\VF +Z V’“F( )y — =)'l
1= 1

Ly i+1 i (i+1) i
E\Iy—xl\”l\VF(w)— ||+IIZ .V F(a)ly — 2] = D" (x)[y — «]']]|
pfll
+ DO (@) + > 5D““>[y — x|
L
< p—f\ly—xl\“rl\VF(x)—

p—1
1 i i i
V()| +Zg|lv TF(x) = DU (@) - [ly — 2|
i=1

p—1
1 . .
€] ZpG+D)r, _ 4
#1100 @)+ 3 50y =l

Ly+M » (1) =1 i+1 (i+1) i
—lly —zlP +||[VF(z) - D (x)||+ZZ,7||V F(x) = DV (2)|| - ||y — ||

<

Ly +M p ) 1 i+1 (i+1) i
—ly —z|" +|[VF(z) - D (ﬂf)||+zﬁ||v F(z) = D" (@)|| - n

since under first order optimality conditions for ¢y € argmin, m,(z), we have that

p—1
1 , M
V() + 32 Dy =l + Sy = P (@ ) =0

16
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lop

L R

DO (@)llop

-moP

')



‘We now have that

ly —=|” = L‘i'M(IIVF(y)H—IIVF(@")—D(”(%)II—Z IV F () = DD ()] - ')
i=1
> min{n” 'L +M(HVF( Il = [IVF(z) = DV ()] —;;IIVMF(J?) - DD ()] ')}
p—1
> min T E VP W) = 57 IV Pe) - DY@l - - ;MZ IVHLR (@) — DD ()]

and since L, < M and M o < 1, we have that

M|y — [|P = min{Mn?, IVF(z) = DV ()|

Mp!
L,,+MHv )”}_L +M

Mp! =1 i | |
_ - i+l _D(z+1) e
£, 537 2 IV e @Il -7
> min{M?, =" [VE ()|} = p(|[VE(2) — D |+Z IV F () = DD (@) )

which means that

. 8p! i i i
mm{an,KIIVF(y)H}<M\Iy*II|p+p!(\|VF(I)*D(1 |+Z IV P (2) — DO ()] - )
which then implies that (since for all a,b > 0, a1[b > a] < min{a, b})

4 M - 1 i i i
MnP - 1[[[VF(y)|| = 87,77”] < Mlly — z|]P + p!(|[VF(x) = DV (2)[| + ) AllV TF(x) = DY (@)]] - ')

IM 1
0P

p—1
JM p () l i+1 i+l i
1||[VF(y)|| = %) Pl < —|ly — wll”+an(||VF(x) D (m)l|+;illlv F(z) = D" ()] - n'")

which proves the lemma. O

Lemma 5. We now consider the setting where the derivative estimates D* are random variables. For

all F € F,(A, L1.p), it holds that

pt1 o 1 0% pr1 pEl
BIF () - F )] = 150 POV FOI 2 ) - (80 23740 () 4 3,
L B Y (D) B

Proof. First, we note that

[IVE(y) ud

NES=

1 P! S i+1 i+1 N
S(WI@/*III’Wan(l\VF(w)*gllJrZ;!IIV F(z) =D ()] - ")) 7

=1
21/p pl | pt1 ] - . pt1
p+1 1/p . - . - i+1 _ i+l T
< Zlly el 42 <an) %ﬁnv F(z) ~ D* @)]| )
p) i % etl
< —lly —2lPtt + yCae ZHV HF(z) = D))
N M =0

17



where we used the fact that for any a; > 0, we have that

n n

P

Oa) s <nv e

1 =1

1=

which follows from an application of Holder’s inequality. We
expression by

1

can now continue to bound the above

2 ( ) 1 1 i+1 p+1l L(p+1)
—rlly =P P ZHV” F(z) = D™ (a)|| v
7’]17+1 M P 7] s =0

+1
A(pY) 7 ; ptl i(p41)
< prilly —allP 4 SR - DR @
r P =0

where we used the fact that for all p > 1, p'/? < 2. Taking ex

pectations on each side, we have that

ptl e . X p+l  i(ptl
Blly 2l = TPV P > ) - 2o BT P - D )
? i=0
We also have that
BIF () - F(y)]
> sl el = G - IVP(@) - DO @)
IV - Dl
Mnpp+! Q(P!)% = i1 i+1 et Hetd)

2716<p+1)!Pr(IIV Wl = % i) V378G 1 1! -;EHIV* F(z) — D" a)||» -n~ 7 |
- )3 EIIVF@) - D@ - 5 B BV ) - D)

p+1 pTH p—l ) . pt1 i(pt1
> et PV E@ = o) - B S BV @) - D))

’ ’ =0

~ By E[IVF@E) - DY@ - 5 YR VR - D@

p+1 % I pt1
- %Pr(llvﬂy)ll > ) - 180 (2 BV @) - DY @)

- ZEIIVZ“F( )= D@ 5 - 5 S IV @) - D@l
=2

P+l pTl {1 +1
- %Prmvmm > %n”) 1B B BV - DY@ )
- ZEW D@ = S R BT ) - D)

=2

ptl pTTl i 1 pt1
> %Prmvwn > )~ B0 G BV (@) - ol )
- DCEIVFE) - DI 0 - g SR BTG - D

18
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where the last step follows from the fact that < 1. We further lower bound this expression by

MyPt! IM ()7
— 1 pr(|VF(y)|| > =) —
i PUVE@I = 200) = [

+ (23] EIVF@) - )]

where we used the fact that 21/? < 2 for all p > 1, finishing the proof. O

Lemma6. Let F' € fp(A, lep) be given. Then, if the derivative estimates D' are random variables,
it holds that

pt1
. IM 16(p + 1)! 6(p+1)! (p)» 2pl 1. Cp-0% pt1 bt
P F > —nP) < A 2 P > + B
HIIVE@)| > grn’) < i A+ iy [4W+ COLRC R
ptl P

1 ! v 2 2l
+ 6(p+71) ( ) p p % Z C BlZP]

M?’]pf’ 45 i=
Proof. From lemmal[3] we have that
E[F(«") — F(z!"+V)]

p+1
Mnptl 9IM (pH» 2p! 1. . Cp-0F pt1 Bl
> L Pr(||[VF()]| > Z=P) - 2(=-)7] - L)y + B,
> o PUVEEE)) pm Mrar T2 (T 4 By
L—H((p!)p-;l 2p pl 1 zp: p+1 _|_Bp2pl]
— P P 2p .
T = o '
Telescoping this recurrence from ¢ = 1 to T" gives
E[F (V) — F(«T*D)]

Moyt d IM ()7 2pl 1. Cp-0F pi gt
>7 (||VF(x (t+1) AN 2(28y 3. L\ | poer
] g x(| M= o)~ TE e + 2501 ()5 + 5,7

!)ppl 2Pl 1 =, Ci 02 i1 il
It v —L)% +B,”

0 Coar N S 85

M v E@ 2 Dy - (P o2 Gty
= T X o P

16(p + 1)! = 8p! 4/ M M n !
pt1 p )

i1 (pl)® 2p-plia Ci- o0} pi1 B

P + P V2 4 B.%F
0 s Car DI 87



which implies that

RIACIEE PSS N TR SPCIL IS SRS
n 1(]5\(4;)77;11)!77,9;1((52/’%1 + (2P é[(cin'i"? V5 4B

Bty WO DTy Gty

= oy B Sy

which finishes the proof. O

Theorem 5. (Theoremrestated). For any function F' € F,(A, Ly.p), where p > 2, € > 0,

with biased and stochastic p*"-order oracles in O(F, O1:p, B1.p) where max; B; > Q(e% ), with
probability at least 2, Algorithm returns a point T such that ||\VF(z)|| < O(e + max; B;) and
performs at most

o A(max; 0;)? n (e + max; Bi)prl(maxi 01)2)
e3(max; B; + 1)% e3(max; B; + l)ppi
queries to the stochastic and biased derivative oracles.
Proof. From lemmal[6] we have that
p+i
. 9M 16(p + 1)! 16(p+1)! (p)» 2pl 1. Cp-0% pt1 2t
P F > pP) < 20— )7 | - 2p B.°?
HIVF@| 2 o) < T s (e 20 (70 5+ By
ptl p 2
16(p+ 1)! (p!) » 2p-pl2 Ci- 07 p1 zid
+ + P L)z + B
v Ciar + CRON LI |
Let
p+1 p+1
16(p+1)! 16(p+ 1) (p!) » 2p! 1, 16(p+ 1)! . (p) 7 2p-pl1
A = max( , +2(=+)7], [ +( )7])
M M 4YM M M 4YM M
Therefore, we have the following upper bound:
AA A Cy-0} pn _pxl A & Ci0? il
T + s} [( " )=+ B+ 77% ZQ[( " )=+ B

. . 3p
From our choice of n; (where such an n; exists due to max; B; > (37 ) such that

pt1

Cy - of i Bi) P i0i)°
max{ ! Z}rl 1} <np < (€ + max; 5,) (mii %)
(g )h e3(max; B; +1)"7
we have that
A Cl e p£L 1
77P+1 [( ny 1) Blzp ] S é
From our choice of T' = [Sfﬁ} we have that
AA 1
< =
ppt1T — 8



From our choice of n; (for all ¢ > 2, which exists due to max; B; > Q(e?’rf% )) such that

p271 p+1

o e\ =22 i B;) P )2
max{Cio2(LI— — B )7 1} < n, < LT B) ¥ (maxi o)
8Ap eS(maxi B1 + ]_) P

it holds that

Sl BT g
which implies that
A & Ci-o? on gl (p—1) 1
T 2l BT s T <
n r =2
Therefore, we have that
M 3
(IVF(@)| > e+ maxB)) < ¢
which implies that
IM )
Pr(||VF(2)|] < —(e-i—maxB ) > 3

Now, we give a bound on the oracle complexity. Let M be the total number of oracle queries that we
make. In every iteration, we query the i*" derivative oracle n; times which yields that

p
i=1

SAA u
< (W + 1)2%’

Substituting the upper bound for n;, we can further bound this expression by

i € + max; B )pr# (maxzoi)2

an i1 €3(max; B; + 1)
<o A . (€ + max; Bj)pTTl(mii(f 0i)? . (e + max; Bj)%l(m‘iq 01)2)
(e +max; Bj) » e3(max; Bj + 1) # e3(max; Bj +1) v
_ 0o A(max; 0;)? I (€ + max; Bj)p#(mz}i(f 0'7;)2)
e3(max; Bj +1) » e3(max; Bj +1) »
which finishes the proof. O

21



B Appendix B

Lemma 7. Let F' € F,(A,Lq,). For any biased and stochastic oracle in O,(F,01.p, B1.p),
let {D*(x")} represent the sequence of it" derivative iterates generated by Algorithm |2, Let

B = maxi<;<p B;. Then, we have that
, . 96
E[||D!(z®) — VIF(z®)]|?] < 4B% + 362 +18B2€%/P 4 18BY/P
foralll <i<pandallt > 1.

Proof. We can first say that
E||D* (V) — V'F (V)|

1 &
E[||bs (2" )+*Z (@, 20 2]
o
<232+£§:”6.($(1) Z(lyj))‘|2<232+ﬁ<23,2+g
— (3 TL? . 2 ) — 7 n — 7

Let (V) = Di(z®) — VF(z®), and we have that
B{leO|216) = b9 - B[O |FICY = 1] + (1 - b0) - B[O Pl =0

where

207 <2B2+2%

7

E[|[eV]P|C" = 1] < 2B +
We now say that
E[lle"]?|C® = 0]
<E[J[e“™Y + E™|GW)|12) + E[ [ — E[v g1
2 2
<E[(1+35)- e V1P + E[(1 + 50 IE[» 1GNP+ Ell[9® — E[p™|61]|1%]

where the first step follows from the fact that G(*) is a measurable set, and the second step is by
Young’s inequality. Above, we have that

K®
w(t) — e(t) _ e(t—l) _ Z @i+1F(x(t,k—1), z(t,k)7 bl)(l‘(t’k) _ x(t,k—l)) _ vvF(:L,(f)) + viF(x(t—l))
k=1
We can calculate that
K@®
ij(t)|g(t)] — Z(vH»lF(l,(t,kfl)) + bi+1($(t,k71)))(l,(t,k) _ x(t,kfl)) _ VZF(:E(t)) + viF(x(tfl))
k=1

which implies that
IE[® 1G]]

K@®
< Z H(Vz’F(m(t,k)) _ viF(x(t,k—l)) _ Vi+1F(x(t’k_1))(x(t’k) _ x(t’k_l))H

K®
+ 3 b (@EFD) |- (2R — 2R

Liyi |Ja® — 20D -
< K(t) . 2+ . 170 )2 =+ Bi_;,_le(t) — x(t 1)||
bMe
N T Bitin
p(®
< 106 + Bi110® (e + max B;) /P
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‘We can also derive that

E[|[4® — E[y®|G®]|1?]
K@

1 7 7 — — —
Z]EH V+1F( (t,k— 1) (tk))—v+1F(l‘(t’k 1))—bi+1($(t’k 1))(1,(26)_1,(26 1))||2|g(t)]

T (K02
K(t)

1 2 % - - —
< e 2 BT PR, 509) - VPR = by (oI o - a0

||5C(t) —ff(t Y HQ (t)6
SR (O
Combining both of these inequalities together, we have that

Elle®|f?

2¢2
= b @2B} + =) + (1= 09) - E[[e"]]*|C) = 0]

< b (2B} + %2) +E[(1-b")(1+ bi)lle D2+ (1 =) (1 + 0] )(b(t) + Biy1b® (e + m?xBi)%)Q]
CE[1 - b(t)) . b(t)€2]
(t) 2 2762 . E[b( ] (t—1)|2 (t) . 1/p\2 (t)i
<EPY . (2B* + 5)]+(1 5 )| V12 +E[30® - (e + B(e + B)Y/P)? + b 5]
<(1- %m]me(t*l)u? +Ep®)(2B? + % +3(e + B(e + B)Y/7)?)
<(1- ]E[b;)] Ne® V2 +EpP] - (2B? + % + 3(e 4+ Bel/P + BY/P)?)
<(1- E[b®)] Nle® V| +EDBD] - (2B + % + 9¢2 + 9B%e¥/P 4 9B2/P)
=(1- M)HAFU\F +EPY] - (2B + %62 +9B22/P 1 9B?/P)
=(1- %m])ne(t*lm? + %ﬁ)] - (4B?% + &562 + 18B%e2/P 4 18B2/P)

which implies that

E|le®||?
2 96 2 2 2/p 2/p 2 94 2 2 2/p 2/p - b(g)
< (AB%+ € +18B%MP £ 18BY/7) — (2B7 + = + 18B%*/7 +18B ) TT¢ 5)
5=2
2, 96 5 2.2/ 2/
<4B +€6 + 18B<¢“/P 4+ 18B“/?
which finishes the proof. O
Lemma 8. It holds that
+1
) 9M 16(p+1)! . 16(p+1) ()% = 2pls 5 96, 2 3 o/ 2L
< . it -3 I i p /P35
Pr(||VF(m)\|78'n)7 MnP‘HTA Mol [8W+(M) |- (4B +5e + 18B“€*/? + 18B/P)
p+1
1 H! NS 1 2 ! )

an2{1 8¢/ M
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Proof. From Lemma[5] we have that

E[F(z) - F(z"V)]

1
Myp+1 M N> 2pl s i1
S A (CRINTES Py _ 2Py ®y — pM (O %
2 16(p+1)!Pr(IIVF(ff )| = spl ) [8W + (57 ElVE@EY) = DY ()]
)7 12pp s g
eE ) * DDy i () EONIE=
-7 ( €ﬁ+*( )#) Y E[|V'F(z?) — D' (™))%
8 M 2 M 1=2
Myp+l oM e 2pla bt
s M 1)y > 222, py _ 2PNy 1)y — M (£O]121) %5
2 16(p+1)!Pr(IIVF($ )= 8p!?7) [SW + (571 E[VE@EY) = D)) 2
W) 1 2pepl s ¢
et \P:) ? p-p-y1 i i pt1
—n '[8W +35(=5; )#] - Y (E[[VOF@") — DO (@M))?) %
=2
Myp+ 9M Y5 2l s 96 2 2 pi1
>—_—1 __p F(ztD)|| > Z=pyP) — )] - (4B% + —€? + 18B%» + 18B7) 2»
= T6(p 1+ 1! r([[VE(z )H—sp!") [8W+(M)]( + g€ +18B%r +18B%)>
> NS 1,2ppl .
o .[(gg/ﬂ 5 pMp )%}.(4B2+i—6e2+18326% +18B7) %
Telescoping this recurrence from ¢ = 1 to T" gives
E[F(zV) — F(z(T*Y)]
p+1
M’r]erlT gM (p') P 2p' 1 2 96 2 2 92 p+l
> L Pr(||VF@)|| > =) —T- Z2)5] - (4B? + =€ + 18B%2/P + 18B%/P) %
= T60p 1 1! r(IVE@) = 2 =n") [8W+(M)]( + e +18B%P +18B77)
pt1 (p!)pTl 1. 2p-pl1 2, 96 , 2 2/ 2/py Bt
jZ/ | —( V7] (4B + —€° + 18B“¢”/P 4+ 18B~/P) 2»
8YM 20 M
which implies that
PV 2 DLy < 00D 160+ DL OGNS 20y s i g
=gl 1= T Myt Vsear VM 5
pt1
6p(p+1)! (p) > 1 2p-pls 9, 96 5 2 2/ 2/p\ 2L
+ : = ] (4B% + =& + 18B%2/P + 18B%/P) %
anz,l [8W 57 )71 5 )
which finishes the proof. O

Theorem 6. Theorem (E| restated). For any function F' € Fp,(A, L1.;,), with biased and stochastic

p'" order oracles in O(F, O1:p, B1.p), with probability at least %, Algorithmretums a point & such
that:

o Ifmax; B; = ©(1), then |VF(%)|| < O(e + max; B;) with at most

A(max; ;)% (e + B)% + (max; 0;)? n Ae+ B)% + 1)
2

€ €

o(

queries to the stochastic and biased derivative oracles.

e Ifmax; B; > Q(1), then || VF(2)|| < O((€2 + B2)2 (e + B)) with at most

(max; 0;)? 1
pt1 pt+1 )

@)
(62(6+B)T e(e+B) »

queries to the stochastic and biased derivative oracles.

where B = max; B;.
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Proof. From Lemma|8] we have that

R oM
Pr(||VE(z)|] > 8777”)
p+1
16(p +1)! 16(p+1)! (p!) 7 2p!. 1 2 96 2 2 2/ 2
< : “ZH5]- (4B 18B2e2/P + 18 B%/P)*"
< A S [+ G +ISB2E + 18527
p+1l
1 1! N 1 2p - pl 1
4 6p(p;ill) [(p) ( p p);](4B2+96 2+18B2 2/p+1882/p)
M??pp 8<)/7
pt1 1
16(p + 1)! 16(p + 1)! (p!)T +8-(2p!)5 9 96 , 2 2/ 2/py BEL
T MyppIT Mnp+T [ SM7 J-(4B% 4 e + I8BT4 18 B7F) =
pt1 1
1 1)! N7 +42p-phH? P
" GP(pj‘_l) ] (ph) » + (1]9 p)”].(432_i_%62_1_183262/;;_1_1832@)%p1
anp 8M~» 5
16(p + 1)! 2p+1)! e 1 2, 96 2 9 9
= ! 8- (2p))7]- (4B 18B2e2/P + 18B2/7)
an+1T Mpzlnp""l [(p) o+ (p)p] ( + + )

2p(p + 1)!
N p(p +1)

2

pt1

[(ph) 7 +4(2p-p)

— 3. @B? + By igprei y 1gp2n) s
M%np 1: 5
Letting
p+1 1 p+1 1
A=max(16(p+ 1), 2(p+ 1! - [(p!) > +8-(2pY)?],2(p+ D! [(p!) » +4(2p-p!)7])
we get an upper bound of
AA A 96 pi1
4B? + —€® +18B%2/P 4 18BY/P) 2
Muyp+1T + Mpzlnp+1 ( + 5 €+ er + )
A v
P (4B? + ?62 +18B2e2/P 1+ 18B2/7) 5
’]’] p
Let X = 4B? + %8¢ 4 18B2€2/? 4 18 B%/P. Since we set
SAXTP » 8Ap- X 2 21’ _p_ —p—2
M:maX{(T)pHﬂ(T) Pl 7(6+B) Py p)
T] 7’] p
we have that
A 2 2.2/p o/p Bt _ 1
!
and
A 1
Pe  uB?+ B2y 1gprermy 18B2/7) 5 < -
MPTanT;l 5 8

and through setting

T =

[

we have that

8AA
Mnp+1

S8AA
Mnp+1

1>

AA 1

J— < —
MnpHT 8
Notice that if B = ©(1), then X = O(1), we have that

Pr(|[VE(#)]] <

5o
8~ 8p!

") < Pr(|[VE(@)]] < O(1) - (e + B))
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On the other hand, if B > Q(1), then X = O(B? + €*), which implies that M =
(BQJre"’)l/2 (B2+e2)2 . 1 .
max(O( ), O(*=3=r—),0(1),0(1)). Since B> Q(1),1—€ < (e+ B)r,son =1—¢.

Therefore, M O((B? + €2)%). We then have that

S <PIVF@)| < o) < Pr(IVF@| < O + B) e+ B)

Let M; be the number of oracle queries for derivative order 4, and let M = Zf;l M; be the total
number of oracle queries. With regards to the oracle complexity, we have that

E[M]
p+1

<> E[M;]

p+1
_TZPr E[m;|C = 1] + Pr(C = 0)E[m;|C = 0]

p+1

_Tanl (1-b)K

p"rl 2 2
50 5(07 1 + Liy1€)
%y -t )

i=1
Letting 0 = max; g;, we upper bound the expression above by

p+1

5(0’2+LZ‘+16)
T — +1) 1-— ——— 41
Zb S 7 +1)

+1
< TPZ 56202 + 50 +5L;11€

+2

o? 1
ST'O(?2+*)

€
We again analyze the following cases: B = ©(1) and B > Q(1). If B = ©(1), then

SAAH < 844 < 844 =0(1)-84AA - (e + B)»
Mnp (e + B) »ppptl (6+B) » (6+B) O(l)
Therefore,
2 Ac?(e+ B)r + 02  Ale+ B)»
€ € € €
If B > (1), then
SAIﬁl: 8AAp1§ SAAplgO( A _
M M(e+B)% ~ 8L,-(e+B)% Ly,-(e+B) "
and so we have that
o2 1 o? 1
TO(T"’*)SO( PEL pri
€ € e2(e+ B)» e(e+B)»
which finishes the proof. O

C Appendix C

C.1 Preliminaries

We first introduce some important notational conventions used throughout this section. Given a p*”
order tensor 7' € R%*X4_we define the support of 7" as the following:

supp(T) = {i € [d] : T; # 0}
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where T is the (p — 1) order subtensor denoted by [T5];, ..
T =(TW, T? .. ), we define

ipe1 = Tijy,....j,—, - For atuple of tensors

supp(T) = U supp(T5;)

Moreover, given = € R, let
prog,,(z) = max{i > 0, |z;| > a}

which represents the highest index of  whose entry is at least a from zero. Notice that for any
a1, az € [0,1) such that a; < aro, we have that prog,,, () < prog,, (). For a tensor T', we define
prog(T) = max{supp{T'}} which represents the highest index in supp{7'}, and naturally for a
collection of tensors 7 = {79}, we define prog(7) = max; prog(T®").

Definition 1. A biased and stochastic algorithm A is zero-respecting if for any function F' and
pth-order oracle O%,, the iterates {xV} satisfy

supp(') C ([ supp(O% (27, 21, 5))
i<t

forallt € N.

Definition 2. A collection of derivative estimators V' F(z, z,b), ..., VPF (x, z,b) for a function F
form a probability-p zero-chain if

Pr(3z| prog(V F(z, 2,b),..., VPF(z, 2,b)) = progi(z) +1) <p
and

Pr(3z| prog(V F(z, 2,b), ..., VPF(z, 2,b)) = progi(z) +1) =0
foralli> 1.

Lemma9. Let @1F(x, z,b), ..., @pF(x, z,b) be a collection of probability-p zero-chain derivative
. = t

estimators for F : Rl — R, and let O%(z,2,b) = (VIF(z,z, b))ge{1,....p}- Let {x%%op]} be a

sequence of queries produced by algorithm A interacting with O%.. Then, with probability at least

>

prog(z®) < T

for all
‘< T —log(1/6)
< 72[)
Proof. Proved in Lemma 16 of [7]] O
Definition 3. Let
T
Fr(z) = =0(1)®(1) + > _[U(—w;1)®(—2:) — U(wi1)®(w;)
i=2
where
0 ifr<i z
U(x) = T, Bx) = e/ e 2t dt
( ) {exp(l_m) lf.]?>% ( ) \/> -

Lemma 10. For Fr, the following properties hold:
* Fr(0) —inf, Fr(x) < AgT, where Ag = 12
 For all p > 1, the p*" order derivatives of Fy are Ly-Lipschitz continuous, where £, <

eXp(%p logp + ¢p) for some ¢ < 0o
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s Forallz € RT, pe N, and 1 < i < T, we have that ||V} Fr(z)||op < lp—1
e Forallz € RT, p € N, prog(ViFr(z)) < prog (z) + 1
* Forall z € R, if prog, (x) < T, then ||V Fr(2)|| > |Vprog, ()41 Fr ()| > 1

s Forall x,y € RY, there exists a constant C > 0 such that ||F (x) — F(y)|| < CVT||z —y||

Proof. The first five statements follow from Lemma 2, Lemma 3, and Observation 3 of [10] and
section G.1.1. of [[7]. We now prove the last statement coordinate-wise by considering three separate
cases for acoordinate 7: 1 < ¢ < 71,7 =1,and¢ = T. First, let 1 < 7 < T. So, we have that
(%FT (:23’)
0 0
= 55, (W(io) (=) = U(2i-1)B(2:)) + 5= (V(=2:)@(~it1) — U(2:)(2i41))
= —U(—z; 1)@ (—x;) — U(2i 1) P (23) = U (—2:)P(—2iy1) — O (2:)P(ig1)

Observe that by construction of ¥, we have that |¥(z)| < e and |¥'(z)| < 5. Also, observe that
xT (o)
O(x) = \/é/ e 2 < \/E/ e~ 1% = \/2re
— 00 — 00
and that |®'(z)| < +/e. Therefore, it holds that
|0;Fr(z)| < eye + eve + 5V 2me + 5V2me < 51

One can derive similar constants for the 7 = 1 and 7 = T case. Let C' be the maximum of 51 and
these constants. We have that

T T
IVEr(@)llo = Y |0:Fr()?)t < Q- C%)F = OVT

The statement follows by applying norm equivalence in finite dimensional spaces.

Definition 4. For all q, define the derivative estimators used to be
- . z
[ViFr(z,2)]i = (1+1{i > Pfogi(x)}(; = 1)) - (ViFr(z) +b{(z))

where b is such that bj (x) = 0 for all i > progy ;4(x) + 1, [|bj(x)|| < By, and z ~ Bernoulli(p).

Lemma 11. The derivative estimators NV Fp Sform a probability-p zero-chain and satisfy:

< 25(21—1(1 - p)

E[||V¢Fr(z, ) — VIPr(2)|?) +2B;

Proof. First, we prove that these derivative estimators form a probability-p chain. First, by the
definition of F'r and b;, we can immediately conclude that [V?Fr(z, 2)]; = 0 for all i > prog: (z) +

1. Now, when i = progi () + 1, we have that [ViFr(z,2)]; = - (VIFr(z) + bi(x)). if 2 =0
(with probability 1 — p), then we have that [@QFT (z, 2)]; = 0. So, the first condition follows. Let
V?F(z) be a stochastic but unbiased estimator of V¢ F(x). We then have that

E[||V9Fr(z,2) — VI Fp(z)|]%]
< ZIE[H@‘IFT(:E7 z) — ﬁqFT(I, 2)|[4] + 2]E[||ﬁqFT(x, z) — V9Fp(z,2)||%]

202 (1—p
< 2y @) + 22022
202 (1—
<2B2+ 2= p)
p
which finishes the proof. O
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C.2 Theorem/[IProof

Remark 1. Our oracle model is the same as in [3], when setting M = m =0, 0 = 01, ( = By, and
finding a point x where ||V F (x)|| = O((e + B})'/?)

Proof. The setting of constants M, m, o, ¢ follows from definition 1, assumption 3, and assumption
4 in [3]]. The last point follows from the fact that in Theorem 4 of [3], the goal was to have iterates
{x+} such that

T-1

1

T 2 EIVSOIF = O+ BY)
t=

which we can equivalently express as
~ 1
E[[VF ()|l = O((e + B?)?)
where Z is drawn uniformly from {z;}. O

Theorem 7. (Theorem |l| restated). When p = 1, there exists F € F1(A, Ly) and (O, P,) €
O1(F, 01, B1) such that for any first-order zero-respecting algorithm (definition|l) where € < i and

By < O(1), the minimum number of queries to obtain a (e + B2)? stationary point with constant
probability is bounded below by

ALl ALlaf

Q
(e—l—Bf €2 + B}

)

Proof. We let Ff. = aFp(fx) for some constants «, 5 which we set in this proof. With probability

at least 2, we have that prog(x(jfog]) < Tforallt < TT;Q- Since prog; () < prog(x), we have

that

EIIV F3 (0o = 0BE|IVEr (2 )| >
and that
E|[V9F7 (2, 2) - VIFj(z, )| < a2ﬂ2q<%‘2"1(;”) +2B])

for all g. Notice that by construction of F, we have that

* F5(0) — inf, F}(z) = a(Fr(0) — inf, Fr(ax)) < aA¢T

* [IV2Fj(2)]] = apt™H|V2Fr(B)]| < 0l

s [IVEp@)]| > aB||VEr (@)l > 5
We also have that

BIVFi(r,2) - Vi) < o202 1 ot

We set constants such that

® OLA()TS A
c af?ly < Iy
» > (e + BY)?

- a2p2(2a70) 4 9B2) <207 4 2B} = a2p2(02) 1 BY) < 0?4 B?

29



First, let oo = 2(e + B2)2 /3. We then set

a?p202 . e + BY)f

5 sgppz I} = min{— 2 a1
B — o?232B; oi + B — 4(e+ B7)B:?
With this choice of p, it’s easy to check that

= min
p {0'% +

Go(1 —
) g 2) 4 B2 < %+ B2

To satisfy the Lipschitz condition, we set

2(e+ B2y
and we set
A AB
f o Py | _—
aly 2Ag(e + B7)?
By Lemma[9] we have that
T-2 1 AB )
2p 20" "2A0(e + B2)z
L1 a8
2p 4A0(6+B1)7
L g7t B = de+ BYB? A L
- 8(c + BY)( AAo(e+ B2)3 2(e+ B2)3y

ALi(0} + (1 — 4€)B? — 4BY})

=Q
( 64A0£(2)£1(6 + B%)2 )

Now, since € < i, we can continue to lower bound this expression as follows:

ALy (of — 4B1)
6400020, (¢ + B2)? )
ALyo? 4AL,y
64A0020, (e + B2)2 64A0€§€1)
ALjo?
Aol2ly(c + B2)2
ALjo?
AoB0 (e + BT

Q

> O

>
=0

Now, considering the case where the derivative oracles are biased but not stochastic (i.e 03 = 0), we
have the following conditions:

° CkAoT é A

« af?l <Ly

* > (e+B):

¢ 2B (HU 1 9BY) < 2B} = o?p2(R00 4 BY) < B
Again, we let o = 2(e + B?)2 /3. We then set

a?B203 4(e + B})e?
pr— 1 —————————————— 1 pr— 1
p=mind g —qzgey = i ety By Y
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We again set

2+ B2zl
and
A AB
g Ry iy -
alg 2(e+ Bf)zAg
By Lemma[9] we have that
T-2 1 AB
Ul — e
2p 2p "2(e+ B?)2 Ay
Sl a8
210 4A0(E+B%)§
Ap
> ()
Ag(e + B7)z

since for all By < O(1), p = ©(1). When we further lower bound this expression, we have that

AB AL AL,
(Ao(e—l—Bf)i)_ (Ao(e—l—Bf)fl) (6+312)

Putting the two lower bound expressions together (as in [20]) yields the matching lower bound:

ALl ALla%
e+ B} €+ Bj

Q )

C.3 Theorem 2| Proof

Theorem 8. (Theoremrestated). Forallp > 2, A, Ly.p, 015 > 0, € < \/01, and max; B; < ?(71,

there exists F € F,(A, Ly.p) and (O%, P,) € Op(F,01.p, B1.p) such that for any pt" order zero-
respecting algorithm, the number of queries to obtain a point an € + max; B; stationary point with
constant probability is bounded below by

(0 — 4(e + B)’BHA
32(e + B)3(2A,

Q1) -

[3(02"‘33) )ﬁ ( O'g“ng )2( — ( ) /}
(62 + B? — 4(e + B)2B?) "*8(e + B)?B? "2(e+ B)ly

min{( 572

min
7' €{1,...,p},q€{2,....p} g—1

Proof. We perform a similar argument to that for the proof of Theorem [T} except now accounting for
the higher order Lipschitz constraints. We have that

, aff
EI|V F3 (2410l = aBIIV Fr(zlion Il = =

and that

EH@"F}(&;, 2) — VI (z, 2)||* < o?B%( + 233)

%3—1 (1-p)
p
‘We now set constants such that

o OéA()T < A
. aﬁ(I‘Flgq < Lq

o a8 B
5~ > €+ max; B;
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o 2p32q(2t_1(1-p) 2 2 2 2 p2q( ta—1(1-p) 2 2 2
a?fP(=1=—= 4+ 2B7) < 205 + 2B] = o?f%(~=—= + By) < 0} + By

First, let
2(e + max; Bj)
o= ——>=-
B
Now, we set
azﬂzég

— mi 1
p = min{ o2+ B} — a?2(2B%’ }
This implies that

8271(1 - )

a2 + BY)

£2
< 0252‘1(%1 + B?)

lg-1(of + Bf — o?B°BY})

202 2
§Oé ﬁq( OéZﬁQEg +Bq)
< 52(‘171)&2}—1(0% JgB% — o?(2BY) + a?B2% B2
I a
62((171)62_ (0.2 —|—B2 _ 4(6+B)232)
— q—1\“1 g(%l 1 + QQﬂQqu

where B = max; B;. Letting
pHVa (of + B — A(e + B)*BY)
@

+a2BYB? < o? + B

and solving for 3 such that
pHa=Ve2_ (0% + B} — 4(e + B)*B}) - o2+ B;

7 =T
and
2 2
+ B
a252q33 < 9q - q
and the L,-condition holds, yields
= min min{( 53(0'3—1-33) )2(q1—1> (M)z(qlfl) (L ?1/
q' €{1,....p},q€{2,...,p} 26371(0% +B% 74(6+B)2B%) ’ 8(€+B)233 ’ 2(E+B)£ql
Setting
T= |5 = | ]
B OéA() N 2A0(6 +B)
We now have that (assuming 7" > 5)
T-2 1 AB
= sl - ?)
2p 2p " "2A0(e + B)
s1 A8
~ 2p 4Ap(e+ B)
0? + B} — a?3%B? A
- 2023202 4Ap(e + B)
2( 2 2 2 2
min min{( 40(% +Bq) )42«;1—1)’ (ﬂ)m—n (L)?l'}
¢ €{1,....p},q€{2, ...} 202 (07 + B} — 4(e + B)?B}) "*8(e + B)?B? "2(e+ B)ly
(01 —4(e+ B)*B})A
- 32(6 + B)BE%AO
min min{( 63(03 + Bg) )‘2<q1?1>’ (ﬂ)z(é 5 (L 7
q'€{1,...,p},q€{2,...,p} 26271(()’% +B% 74(€+B)2B%) ’ 8(€+B)23q2 ’ 2(6+B)f(1/
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which finishes the proof.
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