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Abstract

We consider the problem of finding δ-stationary points, i.e., x ∈ Rd such that
||∇F (x)|| ≤ δ, for smooth, non-convex objectives, where the derivative oracles
are not only stochastic but also biased. In the first-order setting, we provide tight
lower bounds for finding an O((ϵ+B2)1/2)-stationary point, where B is a bound
on the gradient bias, matching the upper bounds of Ajalloeian and Stich (2020).
We then establish bias-dependent lower bounds for algorithms that use higher-
order derivative information for finding O(ϵ+ B)-stationary points, where B is
a bound on the maximum bias for all derivatives. To complement these lower
bounds, we develop trust-region based methods that, for certain ranges of bias,
provide guarantees that match the corresponding lower bounds. We further improve
upon the oracle complexity in high bias settings through a higher order variance
reduction scheme, in particular demonstrating the benefits, in some cases, of using
higher-order derivative information, while such improvements are known to be
unattainable for unbiased settings.

1 Introduction

For a smooth function F : Rd → R which has Lipschitz continuous derivatives, and has bounded
suboptimality ∆ such that F (0)− infx∈Rd F (x) ≤ ∆, we focus on the task of finding an ϵ-stationary
point: that is, x ∈ Rd such that

∥∇F (x)∥ ≤ ϵ
for some precision parameter ϵ > 0. Finding stationary points is a task that has been explored in
numerous previous works (e.g., [10, 11]) and serves as a natural proxy for finding approximate local
optima.

When working with smooth, but potentially nonconvex functions, finding global optima has
been shown to be intractable. In fact, it was shown that for functions F whose p derivatives are all
smooth, the worst case oracle complexity of finding a point x such that f(x) ≤ f(x∗) + ϵ scales at
least as (1/ϵ)d/p, where d is the dimensionality of the problem [23]. Therefore, we naturally turn to
finding local optima whose gradient norm is sufficiently small. Moreover, just like [23], we refer to
oracle complexity as the number of queries to derivative oracles, where the ith order derivative oracle
returns an ith derivative estimate of F at a query point x.

There has been a collection of work that has studied the oracle complexity of finding ϵ-
stationary points (i.e E||∇F (x)|| ≤ ϵ). In [17], the authors derive an O(ϵ−4) oracle complexity
bound for using first order methods (SGD) to find an ϵ-stationary point. This first order complexity
bound was improved in [16] to O(ϵ−3.5), with the additional assumption that the stochastic gradient
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∇F (x, ξ) was L-smooth. One can also further improve this complexity bound to O(ϵ−3) if the noisy
gradient satisfies a mean-squared smoothness property [6].Moreover, after incorporating access to a
stochastic Hessian ∇2F (x, ξ), we also get a complexity bound O(ϵ−3.5), while also relaxing the
smoothness assumption of the stochastic gradient [25]. There has also been several works which
employ variance reduction (e.g. [15, 26]), some of which use methods like hessian-vector products to
compute better representations of the gradient and have an even better O(ϵ−3) oracle complexity.

These works are part of a broader literature that assume access to stochastic and unbiased
derivative oracles, where for all derivatives i = 1, . . . , p, we have that

E[∇̂iF (x, ξ)] = ∇iF (x) and E||∇̂iF (x, ξ)−∇iF (x)||2op ≤ σ2
i

for some set of variance parameters σ1, . . . , σp and where the noise ξ is drawn from some distribution
Pξ.

However, in many settings it becomes necessary to relax these unbiased derivative assumptions,
for example in distributed [14, 4, 5], gradient-free [24], and bandit convex optimization [18], thus
highlighting the need to better understand the limits of working with biased derivative information.

In this paper, we establish the limits of biased derivative information for both first and higher-order
settings. We first complement the first-order upper bound in [3] by providing a matching lower
bound. We then show how to handle biased and stochastic high-order derivative information, through
providing corresponding higher order lower bounds and developing higher order trust-region and
variance-reduction based algorithms to complement these lower bounds. We show that, unlike in the
unbiased case [7], appealing to higher order information beyond second-order information can offer
benefits for certain ranges of bias. In particular, we consider the following oracle model, where for
all derivatives i = 1, . . . , p, we have that

∇̃iF (x, ξ, b) = ∇iF (x) + ξi(x, z) + bi(x)

where

Ez∼Pz
[ξi(x, z)] = 0 and E||ξi(x, z)||2op ≤ σ2

i and ||bi(x)||op ≤ Bi

for some set of variance parameters σ1, . . . , σp and bias parameters B1, . . . , Bp.

1.1 Our Main Contributions

We build on previous works in stochastic nonconvex optimization, by now considering a setting
where our derivative oracles are biased as well stochastic. Below, we outline the main contributions
of this paper.

First-Order Lower Bound. In [3], the authors derived the following upper bound for the oracle
complexity for finding iterates {xt} such that 1

T

∑T−1
t=0 E||∇F (x(t))||2 = O(ϵ+B2

1):

O(
∆L1

ϵ+B2
1

+
∆L1σ

2
1

ϵ2 +B4
1

)

which is equivalent to finding an O((ϵ+B2
1)

1
2 ) stationary point, where L1 is the Lipschitz constant

of ∇F . We derive a matching lower bound that matches the provided upper bound up to constant
factors to demonstrate that the upper bound is tight. This is shown in Theorem 1.

Higher-Order Lower Bound. To understand how algorithms that use derivative orders p ≥ 2
would behave in the worst case scenario, we derive the following worst case oracle complexity for
finding ϵ+maxiBi-stationary points:

Ω(1) · (σ
2
1 − 4(ϵ+B)2B2

1)∆

32(ϵ+B)3ℓ20∆0
·

min
q′∈{1,...,p},q∈{2,...,p}

min{(
ℓ20(σ

2
q +B2

q )

2ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

)
1

2(q−1) , (
σ2
q +B2

q

8(ϵ+B)2B2
q

)
1

2(q−1) , (
Lq′

2(ϵ+B)ℓq′
)

1
q′ }

where B = maxiBi. This is shown in Theorem 2. To check if these lower bounds were tight, we
developed algorithms to try and match these lower bounds as closely as possible.
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Minibatch Derivative Estimation. We develop an algorithm where each derivative estimate Di

can be computed as an average of ni calls to the ith derivative oracle:

Di(x) =
1

ni

ni∑
j=1

∇̃iF (x, ξj , bi)

where ∇̃iF is a biased and stochastic ith derivative oracle. At each step, we solve the following
subproblem:

x(t+1) = argmin
y:||y−x(t)||≤η

p∑
i=1

1

i!
D(i)[y − x(t)]i + M

(p+ 1)!
||y − x(t)||p+1

for some M ≥ 8Lp where Lp is the Lipschitz constant of∇pF . We found that as p→∞, the oracle
complexity for finding an O(ϵ+maxiBi) stationary point worsens, so we run the above scheme for
p = 2. See Theorem 3 for a more detailed description.

Variance Reduction Based Derivative Estimation. Given numerous previous works which show
the advantages of using variance reduction in derivative estimation, we also utilize variance reduction
based techniques with hopes of improving the bias restrictions and the oracle complexity bound
for finding ϵ-stationary points. We develop an improved oracle complexity bound for finding
O(ϵ+maxiBi) stationary points in the constant bias setting, as well as provide a bound for finding a
O((ϵ2 + (maxiBi)

2)
1
2 (ϵ+maxiBi)) stationary point for the high bias setting. Furthermore, unlike

the previous setting, we do see benefits for appealing to higher order derivative information for the
constant bias setting. See Theorem 4 for a more detailed description.

1.2 Additional Related Works

Biased Gradient Methods. Here, we briefly discuss some prior work that has been done relating
to biased gradient methods. In [19], the authors proposed a biased SGD algorithm and analyzed
the sample complexities for convex and nonconvex objectives. In [8], the authors explore a balance
between biased and unbiased estimation of the gradient to resolve the tradeoff between the cost
and benefit of computing an unbiased derivative estimation. In [13, 21], the authors also present
algorithms under biased gradient estimation. In [12], the authors present an analysis of biased SGD
is convex and nonconvex settings, under weaker assumptions than many previous works in this area.

Deterministic Oracles. We briefly discuss additional related works that give some more broader
context for our work. First, we discuss several known rates for finding ϵ-stationary points for
nonconvex objectives, where the oracles are deterministic (i.e. noiseless and unbiased). First, an
improvement O(ϵ−

7
4 ) to the previously known O(ϵ−2) query complexity for first order methods

was achieved in [9] through incorporating second order information and assuming that the Hessian
is Lipschitz continuous, where the lower bound for deterministic algorithms that only rely on first
and second order information is Ω(ϵ−

12
7 ) [11]. Furthermore, the authors highlight how this query

complexity can be improved by appealing to higher order information. In particular, when using pth
order oracles (assuming that all p derivatives are Lipschitz continuous), we get an oracle complexity
of O(ϵ(−1− 1

p )), thereby yielding an O(ϵ−1) complexity as p → ∞. Moreover, in [2], the authors
present a method that uses a cubic regularized Newton step to achieve an Õ(ϵ−

7
4 ) oracle complexity

for finding an ϵ-stationary point x that also satisfies ∇2f(x) ⪰ −ϵ 1
2 I .

1.3 Paper Organization

We formally go introduce our problem setup in section 2, including the function class and derivative
oracle properties. In section 3, we present the lower bounds for both the first and higher order settings.
In section 4, we present algorithms that use minibatch-based derivative estimation (1) and variance
reduction based derivative estimation (3). We conclude the paper in section 5. We prove Theorem 3
in appendix A, Theorem 4 in appendix B, and Theorems 1 and 2 in appendix C.

Notation. For some 1 ≤ i ≤ p, let∇iF refer to the ith derivative of a function F ∈ Cp, where Cp de-
notes the set of p times differentiable, continuous functions. For all i, [∇iF (x)]j1,...,ji =

∂iF
∂xj1

...∂xji
.
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For matrices A and tensors T , || · ||op denotes the operator norm, and unless otherwise specified || · ||
refers to the operator norm. For a symmetric tensor T , we let ||T ||op = sup||v||=1 |⟨T, v, . . . , v⟩|.
We also let B = max1≤i≤pBi.

2 Setup and Background

2.1 Function Class

We consider smooth, differentiable functions in the following function class:

Fp(∆, L1:p) = {F : Rd → R : ||∇qF (x)−∇qF (y)|| ≤ Lq||x− y|| ∀x, y ∈ Rd, q ∈ {1, . . . , p}}
where for all F ∈ Fp(∆, L1:p), we have that

F (0)− inf
x∈Rd

F (x) ≤ ∆

2.2 Oracles

For such a function F ∈ Fp(∆, L1:p), we consider a class of biased and stochastic derivative oracles
for ∇1F, . . . ,∇pF defined by a distribution Pz over a measurable set Z and an estimator

Op
F (x, z, b) := (F̃ (x, z, b0), ∇̃F (x, z, b1), . . . , ∇̃pF (x, z, bp))

where ∇̃qF (x, z, bq) is a biased and stochastic estimate for ∇qF (x). For all x and q ∈ [p], we have
that ∇̃qF (x, z, b) = ∇F q(x) + ξq(x, z) + bq(x), where Ez∼Pz

[ξq(x, z)] = 0, E||ξq(x, z)||2 ≤ σ2
q ,

and ||bq(x)|| ≤ Bq. Given variance parameters σ1:p and bias parameters B1:p, we define the oracle
class Op(F, σ1:p, B1:p) to be the set of all biased and stochastic pth order oracles such that the
conditions above hold.

3 Lower Bounds

We first consider the scenario of finding an O(f(ϵ) + g(B1, . . . , Bp)) stationary point, where f and
g are positive functions of the precision parameter ϵ and the bias terms respectively. In [3], the
authors present the following upper bound on the number of oracle queries for finding iterates {xt}
where 1

T

∑T−1
t=0 E||∇F (x(t))||2 = O(ϵ+B2

1) (equivalently finding x ∈ {xt} such that ||∇F (x)|| =
O((ϵ+B2

1)
1
2 ):

O(
∆L1

ϵ+B2
1

+
∆L1σ

2
1

ϵ2 +B4
1

)

In Theorem 1, we derive a matching lower bound that matches the aforementioned upper bound.
Theorem 1. When p = 1, there exists F ∈ F1(∆, L1) and (O1

F , Pz) ∈ O1(F, σ1, B1) such that for
any first-order zero-respecting algorithm (definition 1) where ϵ < 1

4 and B1 ≤ O(1), the minimum
number of queries to obtain a (ϵ+B2

1)
1
2 stationary point with constant probability is bounded below

by

Ω(
∆L1

ϵ+B2
1

+
∆L1σ

2
1

ϵ2 +B4
1

)

Given the matching upper and lower bounds in the first order setting, one natural question was
whether one could observe analogous lower and upper bounds in higher order settings. In Theorem
2, we derive a lower bound for finding an O(ϵ + B) stationary point using derivatives 1, . . . , p

for B ≤
√
3
2 σ1. The function F that we will use is a rescaling of the function FT defined on

line 1. In Lemma 10, we prove that for all x, y ∈ Rd, there exists a constant C ≥ 0 such that
||∇FT (x)|| ≤ C

√
T . Since we scale this function as the following F ∗

T (x) = αFT (βx) for constants
α, β, we have that ||∇FT (x)|| ≤ C1

√
T for a different C1. For B ≥ C1

√
T − ϵ, we need zero

oracle queries to reach such the given stationarity condition, as for any x ∈ Rd, we have that
||∇F (x)|| ≤ C1

√
T , so the lower bound is vacuous for this scenario.
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Theorem 2. For all p ≥ 2, ∆, L1:p, σ1:p > 0, ϵ <
√
σ1, and B ≤

√
3
2 σ1, there exists F ∈

Fp(∆, L1:p) and (Op
F , Pz) ∈ Op(F, σ1:p, B1:p) such that for any pth order zero-respecting algorithm

(definition 1), the number of queries to obtain a point an ϵ+maxiBi stationary point with constant
probability is bounded below by

Ω(1) · (σ
2
1 − 4(ϵ+B)2B2

1)∆

32(ϵ+B)3ℓ20∆0
·

min
q′∈{1,...,p},q∈{2,...,p}

min{(
ℓ20(σ

2
q +B2

q )

2ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

)
1

2(q−1) , (
σ2
q +B2

q

8(ϵ+B)2B2
q

)
1

2(q−1) , (
Lq′

2(ϵ+B)ℓq′
)

1
q′ }

Proof Sketch. Here, we provide a brief proof sketch, deferring the full proofs to appendix C. We
outline the proof of Theorem 2, as the proof of Theorem 1 will follow a similar argument to this one.
We first introduce the following “hard” function [10] where for a fixed T ≥ 0 and x ∈ RT :

FT (x) = −Ψ(1)Φ(1) +

T∑
i=2

[Ψ(−xi−1)Φ(−xi)−Ψ(xi−1)Φ(xi)]

where

Ψ(x) =

{
0, if x ≤ 1

2

exp(1− 1
(2x−1)2 ), if x > 1

2 ,
,Φ(x) =

√
e

∫ x

−∞
e−

1
2 t

2

dt, (1)

and we let ℓp represent the Lipschitz constant of the pth derivative of FT . We then show how
to construct the following series of derivative estimators for this function (for all derivatives i ∈
{1, . . . , p}):

[∇̃qFT (x, z, b)]i = (1 + 1{i > prog 1
4
(x)}(z

ρ
− 1)) · (∇q

iFT (x) + bqi (x))

which crucially account for the fact that the oracles are not only stochastic but also biased. If T is
a k-dimensional tensor, then Ti is a k − 1-dimensional subtensor where [Ti]j1,...,jk−1

= Ti,j1,...,jk
and progα(x) = max{i ≥ 0, |xi| > α}, representing the highest index of x ∈ Rd that is at least α
away from zero. We carefully devised the above construction such that this collection of derivative
estimators formed a probability-ρ zero-chain (for some 0 ≤ ρ ≤ 1) where the following properties
hold:

Pr(∃x| prog(∇̃1F (x, z, b), . . . , ∇̃pF (x, z, b)) = prog 1
4
(x) + 1) ≤ ρ

Pr(∃x| prog(∇̃1F (x, z, b), . . . , ∇̃pF (x, z, b)) = prog 1
4
(x) + i) = 0

for all i > 1. Through this zero-chain construction (as is well studied in [1, 10, 11, 6]), we enforce
that every oracle query can reveal information about at most one new coordinate, thereby requiring
any algorithm to make sequential progress, which yields a lower bound on the number of queries to
make sufficient progress (see appendix C for a more formal explanation). Given that we have shown
that {∇̃qFT (x, z, b)} form a probability-ρ zero-chain, we used a scaled version of FT , parametrized
by two constants α and β:

F ∗
T (x) = αFT (βx)

where we solved for α and β to enforce the required suboptimality, noise, bias, and higher order
Lipschitz conditions.

4 Upper Bounds

4.1 Minibatch-Based Derivative Estimation

Given these lower bounds, we develop various algorithms to how the upper bounds compared. In
Algorithm 1, we minimize a regularized second order model of our objective F at each iteration.
In Theorem 3, we prove an upper bound for the oracle complexity of Algorithm 1 for reaching an
O(ϵ+B) stationary point.
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Algorithm 1 Biased and Stochastic Cubic-Regularized Trust Region

Require: Biased and stochastic oracle (Op
F , Pz) ∈ Op(F, σ1:p, B1:p) for F ∈ Fp(∆, L0:p), Preci-

sion parameter ϵ, Initial parameter x(0)

1: Find constants {Ci}pi=1 such that (for all n and all t ≥ 1):

E||D(i)
t −∇F (i)(x(t))||

p+1
p

op ≤ 21/p · ((Ci · σ2
i

n
)

p+1
2p +B

p+1
p

i )

2: M ← 8Lp, η ← min{(ϵ+maxiBi)
1
p , 1− ϵ}

3: A← 16(p+1)!
M max{1, (p!)

p+1
p

4M
1
p

+ 2( 2p!M )
1
p , (p!)

p+1
p

4M
1
p

+ 2( 2p·p!M )
1
p }

4: T ← ⌈ 8A∆
ηp+1 ⌉

5: Pick n1 such that

max{ C1 · σ2
1

(η
p+1

8A −B
p+1
2p

1 )
2p

p+1

, 1} ≤ n1 ≤
(ϵ+maxiBi)

p+1
p (maxi σi)

2

ϵ3(1 + maxiBi)
p+1
p

6: For all 2 ≤ i ≤ p, pick ni such that

max{ Ciσ
2
i

(η
p2−1

p

8Ap −B
p+1
2p

i )
2p

p+1

, 1} ≤ ni ≤
(ϵ+maxiBi)

p+1
p (maxi σi)

2

ϵ3(1 + maxiBi)
p+1
p

7: for t = 0 to T − 1 do
8: for i = 1 to p do
9: Query the ith order oracle ni times at x(t) and compute

Di(x(t)) =
1

ni

ni∑
j=1

∇̃F (x(t), z(t,j), bi), z(t,j) ∼ Pz

10: end for
11: Set the next point x(t+1) as

x(t+1) = argmin
y:||y−x(t)||≤η

p∑
i=1

1

i!
D(i)[y − x(t)]i + M

(p+ 1)!
||y − x(t)||p+1

12: end for
13: return x̂ chosen uniformly at random from {x(t)}Tt=1

Theorem 3. For any function F ∈ Fp(∆, L1:p), where p ≥ 2, ϵ > 0, with biased and stochastic
pth-order oracles in O(F, σ1:p, B1:p) where B ≥ Ω(ϵ

3p
3p+1 ), with probability at least 5

8 , Algorithm 1
returns a point x̂ such that ||∇F (x̂)|| ≤ O(ϵ+B) and performs at most

O(
∆(maxi σi)

2

ϵ3(B + 1)
p+1
p

+
(ϵ+B)

p+1
p (maxi σi)

2

ϵ3(B + 1)
p+1
p

)

queries to the stochastic and biased derivative oracles.

Here, the fact that we require B ≥ Ω(ϵ
3p

3p+1 ) is due to requirements of the algorithm in terms of batch
size and that the existence of constants {Ci} is guaranteed by Lemma 1. Note in the unbiased case
(i.e B = 0), we recover the O(ϵ−3) guarantee known from [7]. Moreover, as p → ∞, the oracle
complexity worsens, thereby implying that using derivative information beyond the second order
does not help in this scenario. Therefore, in the minibatch derivative estimation setting, setting p = 2
yields optimal oracle complexity as compared to any p > 2. Interestingly, however, when using
variance reduction, we do realize benefits to appealing to higher order derivative information for
certain ranges of bias.
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Proof Sketch. Here, we provide a brief proof sketch of Theorem 3, deferring the full proof to appendix
A. In Lemma 1, we prove that there do exist constants Ci that satisfy the condition on line 1 of
Algorithm 1. We then derive a lower bound for F (x) − F (y) in Lemma 3 for all M ≥ 8Lp and
0 ≤ η < 1, where x ∈ Rd and y ∈ argminz:||z−x||≤ηmx(z), where mx represents the regularized
pth order model of F around x using biased and stochastic derivatives:

mx(y) = F (x) +

p∑
i=1

1

i!
D(i)[y − x]i + M

(p+ 1)!
||y − x||p+1

We then extend this Lemma to the case where D(i) are random variables in Lemma 5, and then
(through using an intermediary Lemma 6)) prove an upper bound of 3

8 on the probability of reaching
a point x̂ such that Pr(||∇F (x̂)|| ≥ 9M

8p! (ϵ+B)), which completes the proof.

Below, we also provide the comparison to the lower bound in Theorem 2 in terms of the oracle
complexity.

Bias Regime Lower Bound (Theorem 2) Upper Bound (Theorem 3)

B ≤ O(ϵ) Ω(ϵ−3) O(ϵ−3)
B = Θ(1) Ω(1) O(ϵ−3)

B = Θ(ϵ−q), q > 0 Trivial O(ϵ
q(p+1)−3p

p + ϵ−3)

This demonstrates that the lower bound in Theorem 2 is tight for B ≤ O(ϵ). We work on improving
these bounds through a variance reduction scheme (Algorithm 3), succeed in improving upon the
upper bound for the B = Θ(1) case to O(ϵ−2), and leave further improvements for future work. We
note that if one knew apriori that B = Θ(ϵ−q) for q > 0, then one can directly return the starting
iterate x(0), so in theory, one could match the lower bound for this setting as well. We do not assume
such knowledge in our algorithm.

4.2 Variance Reduction

Given the numerous prior works that have demonstrated the advantages of using variance reduction
for derivative estimation, we investigate the potential advantages of using variance reduction in a
biased setting as well. Many previous works have primarily relied on recursive variance reduction
(e.g. [15]) to compute cheap estimators of the gradient∇F (x(t)). In our implementation of recursive
variance reduction, we build on that of [7] by estimating ∇iF (x(t)) −∇iF (x(t+1)) by averaging
∇i+1F -vector products for all i ∈ [p], instead of just doing this with the gradient. To derive this
estimator, we first note that for all i, it holds that (by the Fundamental Theorem of Calculus) for
all x, x′: ∇iF (x) − ∇iF (x′) =

∫ 1

0
∇i+1F (xt + x′(1 − t))(x − x′)dt. Now, to approximate this

integral, we construct the following estimator for ∇iF , where K is chosen to be proportional to
||x− x′||2:

∇̃iF =
1

K

K−1∑
k=0

∇̃i+1F (x · (1− k

K
) + x′ · k

K
, z(i), bi)(x− x′)

We reset the derivative estimators according to a defined probability metric b and dynamically set the
batch size proportional to the difference between the current iterate and the previous iterate squared
and incorporate this recursive variance reduction approach for all p derivatives. In Theorem 4, we
analyze the oracle complexity of a variance-reduction based algorithm (Algorithm 2) for finding an
O(ϵ+B) stationary point and a O((ϵ2 +B2)

1
2 (ϵ+B)) stationary point.

Theorem 4. For any function F ∈ Fp(∆, L1:p), with biased and stochastic pth order oracles in
O(F, σ1:p, B1:p), with probability at least 5

8 , Algorithm 3 returns a point x̂ such that:

• If B = Θ(1), then ||∇F (x̂)|| ≤ O(ϵ+B) with at most

O(
∆(maxi σi)

2(ϵ+B)
1
p + (maxi σi)

2

ϵ2
+

∆(ϵ+B)
1
p + 1

ϵ
)

queries to the stochastic and biased derivative oracles.

7



Algorithm 2 Higher-Order Recursive Variance Reduction (HO-RVR)
Require: Precision parameter ϵ, probability b, current iterate x, previous iterate xprev, derivative

order i, derivative estimate with respect to xprev, Di
prev, Biased and stochastic oracle (Op

F , Pz) ∈
Op(F, σ1:p, B1:p) for F ∈ Fp(∆, L1:p)

1: Set

K =

⌈
5(σ2

i+1 + Li+1ϵ)

bϵ2
· ||x− xprev||2

⌉
2: Set n =

⌈
5σ2

i

ϵ2

⌉
3: Sample C ∼ Bernoulli(b).
4: if C is 1 or Di

prev is None then
5: Query the ith order oracle n times at x and set

D(i) =
1

n

n∑
j=1

∇̃iF (x, z(j), bi), z
(j) ∼ Pz

6: else
7: For k ∈ {0, . . . ,K}, set

x(k) =
k

K
x+ (1− k

K
)xprev

8: Query the ith order oracle at the points {x(k)}K−1
k=0 and set

D(i) = D(i)
prev +

K∑
k=1

∇̃i+1F (x(k−1), z(k), bi+1), z
(k) ∼ Pz

9: end if
10: return D(i)

• If B > Ω(1), then ||∇F (x̂)|| ≤ O((ϵ2 +B2)
1
2 (ϵ+B)) with at most

O(
(maxi σi)

2

ϵ2(ϵ+B)
p+1
p

+
1

ϵ(ϵ+B)
p+1
p

)

queries to the stochastic and biased derivative oracles.

Proof Sketch. Here, we provide a brief proof sketch, deferring the full proof to appendix B. In Lemma
7, we prove that

E||D(i)(x(t))−∇iF (x(t))||2 ≤ 4B2 +
96

5
ϵ2 + 18B2ϵ

2
p + 18B2

thereby establishing a bound on the difference in the derivative estimate versus the true derivative for
all derivative orders. We then derive an upper bound for Pr(||∇F (x̂)|| ≥ 9M

8p! η
p) in terms of B, ϵ,

and the hyperparameters of Algorithm 3 in Lemma 8. Plugging the parameters in gives an upper
bound of 3

8 for Pr(||∇F (x̂)|| ≥ 9M
8p! η

p), which finishes the proof.

Notably, from Theorem 4, one can observe the following important conclusions:

• Unlike the purely minibatch-based approach for derivative estimation (utilized in Algorithm
1), appealing to higher order information does provide advantages in the event where
B = Θ(1).

• In the B = Θ(1) setting, we have a significantly improved oracle complexity of O(ϵ−2)
compared to the O(ϵ−3) complexity from Algorithm 1.
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Algorithm 3 Higher-Order Recursive Variance Reduction Derivative Estimation (HO-RVR-D)

Input: Precision parameter ϵ, Biased and stochastic oracle (Op
F , Pz) ∈ Op(F, σ1:p, B1:p) for F ∈

Fp(∆, L1:p), derivative order p .

1: Pick b such that 0 < b ≤ 1, let B = maxiBi

2: Let X = 4B2 + 96
5 ϵ

2 + 18B2ϵ
2
p + 18B

2
p

3: Set η = min{(ϵ+B)
1
p , 1− ϵ}

4: Let A = max(16(p+ 1)!, 2(p+ 1)! · [(p!)
p+1
p + 8 · (2p!)

1
p ], 2(p+ 1)! · [(p!)

p+1
p + 4(2p · p!)

1
p ])

5: Set M = max{( 8AX
p+1
2p

ηp+1 )
p

p+1 , ( 8Ap·X
p+1
2p

η
p2−1

p

)
p

p+1 , (ϵ+B)
−p−2

p , 8Lp)

6: Set T = ⌈ 8A∆
Mηp+1 ⌉

7: Set x(0) = x(1) = 0, D(i) = None for i ∈ {1, . . . , p}
8: for t = 1 to T do
9: D

(i)
t = HO-RVR(ϵ, b, x(t), x(t−1), D(i)

t−1)

10: Set the next point x(t+1) as

x(t+1) = argmin
y:||y−x(t)||≤η

p∑
i=1

1

i!
D

(i)
t [y − x(t)]i + M

(p+ 1)!
||y − x(t)||p+1

11: end for
12: return x̂ chosen uniformly at random from {x(t)}T+1

t=2

• Consider the scenario where B > Ω(1). Unlike the previous scenario, appealing to higher
order derivatives does not yield a better oracle complexity. Our intuition is to why this is the
case, is if B > Ω(1), the stationary guarantee is quite weak, implying that there may be little
to no difference between appealing to higher order information and not doing so in terms of
oracle complexity. Moreover, for the p = 2 case, we have an improved oracle complexity
from the variance reduction based scheme in Algorithm 2 compared to Algorithm 1 for all
settings of {Bi} such that B > Ω(1).

5 Conclusion

This paper extends the settings of deterministic derivative oracles and stochastic but unbiased oracles
to consider derivative oracles that are both stochastic and biased. We provide a matching first order
lower bound to complement the first order upper bound that is provided in this stochastic and biased
scenario in [3]. We further extend this lower bound for algorithms that use second order derivative
information or higher for finding O(ϵ + B) stationary points. Then, to complement these lower
bounds, we developed trust region based methods, that under certain bias regimes, matches the
corresponding lower bound up to constant factors. We then improved upon these algorithms by
incorporating a higher order variance reduction scheme, which improves the oracle complexity for
certain ranges of bias, and in some cases, reveals advantages of appealing to higher order derivative
information.

With regards to opportunities for future work, our upper bound in Theorem 3 only matched
the corresponding higher order lower bound in Theorem 2 for O(ϵ) bias, which leaves open the
possibility of a stronger upper bound. Moreover, it would be interesting to consider additional cases
where appealing to higher order derivative information would be beneficial for algorithms relying on
biased and stochastic oracle access.

LLM Usage. LLMs were used as an assistive tool for checking the algebraic steps of our proofs.
All algorithms, theorem statements, and final proofs were developed and verified by the authors.
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A Appendix A

Lemma 1. Given Ai ∈ Rd1×···×dm , where d1 = . . . = dm = d, and E[Ai] = B and E[||Ai −
B||2] ≤ σ2, we have that

E[|| 1
n

n∑
i=1

Ai −B||2op] ≤
C · σ2

n

for some d-dependent, n-independent constant C ≥ 0.

Proof. Let Xi = Ai −B and observe that

E[||
n∑

i=1

Xi||2op] ≤ EX,X′ [||
n∑

i=1

Xi −X ′
i||2op]

= EX,X′,ϵ[||
n∑

i=1

ϵi(Xi −X ′
i)||2op]

≤ 4EX,ϵ[||
n∑

i=1

ϵiXi||2op]

where (X ′
i)

n
i=1 is a sequence of independent copies of (Xi)

n
i=1 and (ϵi)

n
i=1 is a sequence of

Rademacher random variables. Now, take S such that S ⊂ {1, . . . ,m}, where |S| = ⌊m/2⌋.
We define

Zi ∈ R(
∏

k∈S dk)×(
∏

k∈Sc dk)

to be a flattened version of Xi. Let D = min{
∏

k∈S dk,
∏

k∈Sc dk), so in this case, D = d⌊m/2⌋.
We now prove that for any p, there exists d-dependent constants C1, C2, C3 such that

||Xi||op ≤ C2 · ||Zi||S2p
≤ C2C1C

2
3 ·D

1
2p · ||Xi||op

We note that

||Xi||op
= sup

||u(1)||=1 ... ||u(m)||=1

⟨Xi, u
(1) ⊗ . . .⊗ u(m)⟩

= sup
||a1||=||b1||=1

⟨Zi, a1b
T
1 ⟩

≤ sup
||a||=||b||=1

⟨Zi, ab
T ⟩

= ||Zi||op ≤ C2 · ||Zi||2 ≤ C2 · σmax(Zi)

for some constant C2, since due to norm equivalence in finite dimensional spaces, there exists
constants C1, C2 such that C1 · ||Zi||2 ≤ ||Zi||op ≤ C2 · ||Zi||2. Also,

a1 =
⊗
k∈S

u(k), b1 =
⊗
k/∈S

u(k)

Now

C2 · σmax(Zi)

≤ C2(

D∑
j=1

σ2p
j (Zi))

1
2p

= C2 · ||Zi||S2p

≤ C2 · (D · σ2p
max(Zi))

1
2p

= C2 ·D
1
2p · σmax(Zi)

≤ C2C1 ·D
1
2p · ||Zi||op

12



Since

||Zi||op = sup
||a||=||b||=1

aTZib

expand a and b in their orthonormal bases as follows:

a =

d⌊m/2⌋∑
α=1

aαeα, b =

d⌈m/2⌉∑
β=1

bβfβ

which implies that

|aTZib|

= |
∑
α,β

aαbβ⟨Xi, eα ⊗ fβ⟩|

≤
∑
α,β

|aα| · |bβ | · |⟨Xi, eα ⊗ fβ⟩|

≤
∑
α,β

|aα| · |bβ | · ||Xi||op

≤ ||Xi||op · ||a||1 · ||b||1
≤ C2

3 · ||Xi||op

due to Cauchy-Schwarz inequality and since ||x||1 ≤ C3 · ||x|| for some constant C3 for all x. This
implies that

D
1
2p · ||Zi||op ≤ D

1
2p · C2

3 · ||Xi||op

which proves the inequality. Now, we have that

Eϵ[||
n∑

i=1

ϵiXi||2op] ≤ C2
2 · Eϵ[||

n∑
i=1

ϵiZi||2pS2p
]

By Matrix-Khintchine inequality [22], we have that

(Eϵ[

n∑
i=1

||ϵiZi||2pS2p
])1/p

≤ (2p− 1) · ||(
n∑

i=1

Z2
i )

1/2||2S2p

= (2p− 1) · ||
n∑

i=1

Z2
i ||S2p

≤ (2p− 1) ·
n∑

i=1

||Zi||2S2p

≤ (2p− 1) ·D1/pC2
1 ·

n∑
i=1

||Zi||2op

≤ (2p− 1) ·D1/pC2
1C

4
3 ·

n∑
i=1

||Xi||2op

Taking p = 1, we have that

Eϵ[

n∑
i=1

||ϵiZi||2S2
] ≤ DC2

1C
4
3 ·

n∑
i=1

||Xi||2op

13



and when taking expectation with respect to X , we have that

E[||
n∑

i=1

ϵiXi||2op]

≤ C2
2 ·DC2

1C
4
3 ·

n∑
i=1

E||Xi||2op

≤ DC2
2C

2
1C

4
3σ

2

≤ dm/2C2
2C

2
1C

4
3σ

2

Putting everything together and normalizing gives a final bound of

4dm/2C2
2C

2
1C

4
3σ

2

n
proving the claim.

Lemma 2. For all integers p ≥ 1, for all i ∈ {1, . . . , p} and all t ≥ 1, there exists a d-dependent,
ni-independent constant C ≥ 0 such that

E||D(i)
t −∇F (i)(x(t))||

p+1
p

op ≤ 21/p · ((C · σ
2
i

ni
)

p+1
2p +B

p+1
p

i )

Proof. First, we can say that

E[||D(i)
t −∇F i(x(t))||

p+1
p ]

= E[||D(i)
t −∇F i(x(t))− bi(x(t)) + bi(x

(t))||
p+1
p ]

≤ 21/p · (E[||D(i)
t −∇F i(x(t))− bi(x(t))||

p+1
p ] + E[||bi(x(t))||

p+1
p ])

≤ 21/p · (E[||D(i)
t −∇F i(x(t))− bi(x(t))||

p+1
p ] +B

p+1
p

i )

Notice that for any r ∈ [1, 2], we can have that

E[||D(i)
t −∇F i(x(t))− bi(x(t))||rop]

= E[|| 1
ni

ni∑
j=1

∇̃iF (x(t), z(t,j))−∇F i(x(t))− bi(x(t))||rop]

≤ (E[|| 1
ni

ni∑
j=1

∇̃iF (x(t), z(t,j))−∇F i(x(t))− bi(x(t))||2op])r/2

≤ (
C · σ2

i

ni
)r/2

where we have used Lyapunov’s inequality and the result from lemma 1. Thus, we have a final bound
of

21/p · ((C · σ
2
i

ni
)

p+1
2p +B

p+1
p

i )

which finishes the proof.

Lemma 3. Given a function F ∈ Fp(∆, L1:p), let

mx(y) = F (x) + ⟨D(1), y − x⟩+
p∑

i=2

1

i!
D(i)(x)[y − x]i + M

(p+ 1)!
||y − x||p+1

and let y ∈ argminz:||z−x||≤ηmx(z) for 0 ≤ η < 1. Then, for all M ≥ 8Lp, we have that

F (x)− F (y) > M

8(p+ 1)!
||y − x||p+1 − (

2p!

M
)

1
p · ||∇F (x)−D(1)(x)||

p+1
p

− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · ||∇iF (x)−Di(x)||

p+1
p

op · η
p+1
p
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Proof. We have that F (y)− F (x)

≤ F (x) + ⟨∇F (x), y − x⟩+
p∑

i=2

1

i!
∇iF (x)[y − x]i + Lp

(p+ 1)!
||y − x||p+1 − F (x)

≤ mx(y) + ⟨∇F (x)−D(1)(x), y − x⟩+
p∑

i=2

1

i!
(∇iF (x)−D(i)(x))[y − x]i + Lp −M

(p+ 1)!
||y − x||p+1 −mx(x)

≤ ⟨∇F (x)− g, y − x⟩+
p∑

i=2

1

i!
(∇iF (x)−D(i)(x))[y − x]i + Lp −M

(p+ 1)!
||y − x||p+1

≤ − 7M

8(p+ 1)!
||y − x||p+1 + ||∇F (x)− g|| · ||y − x||

+

p∑
i=2

1

i!
||∇iF (x)[y − x, :, . . . , :]−D(i)(x)[y − x, :, . . . , :]||op · ||y − x||

since ||y − x|| ≤ η and since η < 1, we have that ||y − x||i−1 ≤ ||y − x|| for i ≥ 2. By Young’s
inequality, we have that

||∇F (x)−D(1)(x)|| · ||y − x|| ≤ ((
2p!

M
)

1
p · ||∇F (x)−D(1)(x)||

p+1
p · p

p+ 1
) + (

||y − x||p+1

(p+ 1)
· M
2p!

)

= (
2p!

M
)

1
p (
p · ||∇F (x)−D(1)(x)||

p+1
p

p+ 1
) +

M ||y − x||p+1

2(p+ 1)!

and

||∇iF (x)[y − x, :, . . . , :]−D(i)(x)[y − x, :, . . . , :]||op · ||y − x||

≤ (
2p · p!
M

)
1
p
p · ||∇iF (x)[y − x, :, . . . , :]−D(i)(x)[y − x, :, . . . , :]||

p+1
p

op

p+ 1
+

M ||y − x||p+1

(p+ 1) · (2p · p!)

= (
2p · p!
M

)
1
p
p · ||∇iF (x)[y − x, :, . . . , :]−D(i)(x)[y − x, :, . . . , :]||

p+1
p

op

p+ 1
+
M ||y − x||p+1

2p · (p+ 1)!

which implies that

− 7M

8(p+ 1)!
||y − x||p+1 + ||∇F (x)−D(1)(x)|| · ||y − x||

+

p∑
i=2

1

i!
||∇iF (x)[y − x, :, . . . , :]−D(i)(x)[y − x, :, . . . , :]||op · ||y − x||

≤ − 7M

8(p+ 1)!
||y − x||p+1 + (

2p!

M
)

1
p · p

p+ 1
· ||∇F (x)− g||

p+1
p +

M ||y − x||p+1

2(p+ 1)!

+

p∑
i=2

1

i!
· [(2p · p!

M
)

1
p
p · ||∇iF (x)[y − x, :, . . . , :]−D(i)(x)[y − x, :, . . . , :]||

p+1
p

op

p+ 1
+
M ||y − x||p+1

2p · (p+ 1)!
]

≤ − 3M

8(p+ 1)!
||y − x||p+1 + (

2p!

M
)

1
p · p

p+ 1
· ||∇F (x)−D(1)(x)||

p+1
p

+

p∑
i=2

1

i!
[(
2p · p!
M

)
1
p
p · ||∇iF (x)−D(i)(x)||

p+1
p

op · ||y − x||
p+1
p

p+ 1
+
M · ||y − x||p+1

2p · (p+ 1)!
]

< − 3M

8(p+ 1)!
||y − x||p+1 + (

2p!

M
)

1
p · p

p+ 1
· ||∇F (x)−D(1)(x)||

p+1
p

+

p∑
i=2

1

2
[(
2p · p!
M

)
1
p
p · ||∇iF (x)−D(i)(x)||

p+1
p · ||y − x||

p+1
p

p+ 1
+
M · ||y − x||p+1

2p · (p+ 1)!
]
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We can further bound this expression by

< − 3M

8(p+ 1)!
||y − x||p+1 + (

2p!

M
)

1
p · p

p+ 1
· ||∇F (x)−D(1)(x)||

p+1
p

+
1

2

p∑
i=2

[(
2p · p!
M

)
1
p · ||∇iF (x)−D(i)(x)||

p+1
p

op · ||y − x||
p+1
p +

M · ||y − x||p+1

2p · (p+ 1)!
]

< − M

8(p+ 1)!
||y − x||p+1 + (

2p!

M
)

1
p · p

p+ 1
· ||∇F (x)−D(1)(x)||

p+1
p

+
1

2

p∑
i=2

(
2p · p!
M

)
1
p · ||∇iF (x)−D(i)(x)||

p+1
p

op · η
p+1
p

< − M

8(p+ 1)!
||y − x||p+1 + (

2p!

M
)

1
p · ||∇F (x)−D(1)(x)||

p+1
p +

1

2

p∑
i=2

(
2p · p!
M

)
1
p · ||∇iF (x)−D(i)(x)||

p+1
p

op · η
p+1
p

which finishes the proof.

Lemma 4. Given a function F ∈ Fp(∆, L1:p), let y ∈ argminz:||z−x||≤η mx(z), where

mx(y) = F (x) + ⟨D(1), y − x⟩+
p∑

i=2

1

i!
D(i)[y − x]i + M

(p+ 1)!
||y − x||p+1

for M ≥ 8Lp and 0 ≤ η < 1. It holds that:

1[||∇F (y)|| ≥ 9M

8p!
ηp] ≤ 1

ηp
||y − x||p + p!

Mηp
(||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)||op · ηi)

Proof. We have that
||∇F (y)||

≤ ||∇F (y)−
p−1∑
i=0

1

i!
∇i+1F (x)[y − x]i||+ ||

p−1∑
i=0

1

i!
∇i+1F (x)[y − x]i||

≤ Lp

p!
||y − x||p + ||∇F (x) +

p−1∑
i=1

1

i!
∇i+1F (x)[y − x]i||

≤ Lp

p!
||y − x||p + ||∇F (x)−D(1)(x)||+ ||

p−1∑
i=1

1

i!
[∇i+1F (x)[y − x]i −D(i+1)(x)[y − x]i]||

+ ||D(1)(x) +

p−1∑
i=1

1

i!
D(i+1)[y − x]i||

≤ Lp

p!
||y − x||p + ||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ||y − x||i

+ ||D(1)(x) +

p−1∑
i=1

1

i!
D(i+1)[y − x]i||

≤ Lp +M

p!
||y − x||p + ||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ||y − x||i

≤ Lp +M

p!
||y − x||p + ||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi

since under first order optimality conditions for y ∈ argminzmx(z), we have that

D(1)(x) +

p−1∑
i=1

1

i!
D(i+1)[y − x]i + M

p!
||y − x||p+1(x− y) = 0
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We now have that

||y − x||p ≥ p!

Lp +M
(||∇F (y)|| − ||∇F (x)−D(1)(x)|| −

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi)

≥ min{ηp, p!

Lp +M
(||∇F (y)|| − ||∇F (x)−D(1)(x)|| −

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi))}

≥ min{ηp, p!

Lp +M
||∇F (y)||} − p!

Lp +M
||∇F (x)−D(1)(x)|| − p!

Lp +M

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi

and since Lp ≤ M
8 and M

Lp+M < 1, we have that

M ||y − x||p ≥ min{Mηp,
Mp!

Lp +M
||∇F (y)||} − Mp!

Lp +M
||∇F (x)−D(1)(x)||

− Mp!

Lp +M

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi

> min{Mηp,
8p!

9
||∇F (y)||} − p!(||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi)

which means that

min{Mηp,
8p!

9
||∇F (y)||} < M ||y − x||p + p!(||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi)

which then implies that (since for all a, b ≥ 0, a1[b ≥ a] ≤ min{a, b})

Mηp · 1[||∇F (y)|| ≥ 9M

8p!
ηp] ≤M ||y − x||p + p!(||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi)

=⇒ 1[||∇F (y)|| ≥ 9M

8p!
ηp] ≤ 1

ηp
||y − x||p + p!

Mηp
(||∇F (x)−D(1)(x)||+

p−1∑
i=1

1

i!
||∇i+1F (x)−D(i+1)(x)|| · ηi)

which proves the lemma.

Lemma 5. We now consider the setting where the derivative estimates Di are random variables. For
all F ∈ Fp(∆, L1:p), it holds that

E[F (x)− F (y)] ≥ Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p+1 ] · [(σ

2
1

n1
)

p+1
2p +B

p+1
2p

1 ]

− η
p+1
p (

(p!)
p+1
p

4 p
√
M

+ (
2p · p!
M

)
1

p+1 )

p∑
i=2

[(
σ2
i

ni
)

p+1
2p +B

p+1
2p

i ]

Proof. First, we note that

1[||∇F (y)|| ≥ 9M

8p!
ηp]

≤ (
1

ηp
||y − x||p + p!

Mηp
(||∇F (x)− g||+

p−1∑
i=1

1

i!
||∇i+1F (x)−Di+1(x)|| · ηi))

p+1
p

≤ 21/p

ηp+1
||y − x||p+1 + 21/p · ( p!

Mηp
)

p+1
p · (

p−1∑
i=0

1

i!
||∇i+1F (x)−Di+1(x)|| · ηi)

p+1
p

<
2

ηp+1
||y − x||p+1 +

2(p!)
p+1
p

M
p+1
p ηp+1

· (
p−1∑
i=0

||∇i+1F (x)−Di+1(x)|| · ηi)
p+1
p
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where we used the fact that for any ai ≥ 0, we have that

(

n∑
i=1

ai)
p+1
p ≤ n

1
p

n∑
i=1

a
p+1
p

i

which follows from an application of Hölder’s inequality. We can now continue to bound the above
expression by

2

ηp+1
||y − x||p+1 +

2(p!)
p+1
p

M
p+1
p ηp+1

· p1/p ·
p−1∑
i=0

||∇i+1F (x)−Di+1(x)||
p+1
p · η

i(p+1)
p

<
2

ηp+1
||y − x||p+1 +

4(p!)
p+1
p

M
p+1
p ηp+1

·
p−1∑
i=0

||∇i+1F (x)−Di+1(x)||
p+1
p · η

i(p+1)
p

where we used the fact that for all p ≥ 1, p1/p < 2. Taking expectations on each side, we have that

E[||y − x||p+1] ≥ ηp+1

2
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− 2(p!)

p+1
p

M
p+1
p

·
p−1∑
i=0

E[||∇i+1F (x)−Di+1(x)||
p+1
p · η

i(p+1)
p ]

We also have that

E[F (x)− F (y)]

>
M

8(p+ 1)!
||y − x||p+1 − (

2p!

M
)

1
p · ||∇F (x)−D(1)(x)||

p+1
p

− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · ||∇iF (x)−Di(x)||

p+1
p

op · η
p+1
p

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− 2(p!)

p+1
p

p
√
M · 8(p+ 1)!

·
p−1∑
i=0

E[||∇i+1F (x)−Di+1(x)||
p+1
p · η

i(p+1)
p ]

− (
2p!

M
)

1
p · E[||∇F (x)−D(1)(x)||

p+1
p ]− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · E[||∇iF (x)−Di(x)||

p+1
p ] · η

p+1
p

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− (p!)

p+1
p

8 p
√
M
·
p−1∑
i=0

E[||∇i+1F (x)−Di+1(x)||
p+1
p · η

i(p+1)
p ]

− (
2p!

M
)

1
p · E[||∇F (x)−D(1)(x)||

p+1
p ]− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · E[||∇iF (x)−Di(x)||

p+1
p ] · η

p+1
p

=
Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · E[||∇F (x)−D(1)(x)||

p+1
p ]

− (p!)
p+1
p

8 p
√
M
·
p−1∑
i=1

E[||∇i+1F (x)−Di+1(x)||
p+1
p · η

i(p+1)
p ]− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · E[||∇iF (x)−Di(x)||

p+1
p ] · η

p+1
p

=
Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · E[||∇F (x)−D(1)(x)||

p+1
p ]

− (p!)
p+1
p

8 p
√
M
·

p∑
i=2

E[||∇iF (x)−Di(x)||
p+1
p · η

(i−1)(p+1)
p ]− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · E[||∇iF (x)−Di(x)||

p+1
p ] · η

p+1
p

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · E[||∇F (x)− g||

p+1
p ]

− (p!)
p+1
p

8 p
√
M
·

p∑
i=2

E[||∇iF (x)−Di(x)||
p+1
p · η

(p+1)
p ]− 1

2

p∑
i=2

(
2p · p!
M

)
1
p · E[||∇iF (x)−Di(x)||

p+1
p ] · η

p+1
p
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where the last step follows from the fact that η ≤ 1. We further lower bound this expression by

Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · E[||∇F (x)− g||

p+1
p ]

− η
p+1
p (

(p!)
p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p )

p∑
i=2

E[||∇iF (x)−Di(x)||
p+1
p ]

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · 21/p[(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

− η
p+1
p (

(p!)
p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p )

p∑
i=2

21/p · [(Ci · σ2
i

ni
)

p+1
2p +B

p+1
2p

i ]

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (y)|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

− η
p+1
p (

(p!)
p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

where we used the fact that 21/p ≤ 2 for all p ≥ 1, finishing the proof.

Lemma 6. Let F ∈ Fp(∆, L1:p) be given. Then, if the derivative estimates Di are random variables,
it holds that

Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp) ≤ 16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
[
(p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

+
16(p+ 1)!

Mη
p2−1

p

(
(p!)

p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

Proof. From lemma 5, we have that

E[F (x(t))− F (x(t+1))]

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (x(t+1))|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

− η
p+1
p (

(p!)
p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

Telescoping this recurrence from t = 1 to T gives

E[F (x(1))− F (x(T+1))]

≥ Mηp+1

16(p+ 1)!
· T · ( 1

T

T∑
t=1

Pr(||∇F (x(t+1))|| ≥ 9M

8p!
ηp))− T [ (p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

− Tη
p+1
p (

(p!)
p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

=
Mηp+1

16(p+ 1)!
· T · (Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp))− T [ (p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

− Tη
p+1
p (

(p!)
p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]
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which implies that

Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp) ≤ 16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
[
(p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

+
16(p+ 1)!

Mηp+1
η

p+1
p (

(p!)
p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

=
16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
[
(p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

+
16(p+ 1)!

Mη
p2−1

p

(
(p!)

p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

which finishes the proof.

Theorem 5. (Theorem 3 restated). For any function F ∈ Fp(∆, L1:p), where p ≥ 2, ϵ > 0,
with biased and stochastic pth-order oracles in O(F, σ1:p, B1:p) where maxiBi ≥ Ω(ϵ

3p
3p+1 ), with

probability at least 5
8 , Algorithm 1 returns a point x̂ such that ||∇F (x̂)|| ≤ O(ϵ + maxiBi) and

performs at most

O(
∆(maxi σi)

2

ϵ3(maxiBi + 1)
p+1
p

+
(ϵ+maxiBi)

p+1
p (maxi σi)

2

ϵ3(maxiBi + 1)
p+1
p

)

queries to the stochastic and biased derivative oracles.

Proof. From lemma 6, we have that

Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp) ≤ 16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
[
(p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ] · [(C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ]

+
16(p+ 1)!

Mη
p2−1

p

(
(p!)

p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p )

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

Let

A = max(
16(p+ 1)!

M
,
16(p+ 1)!

M
[
(p!)

p+1
p

4 p
√
M

+ 2(
2p!

M
)

1
p ],

16(p+ 1)!

M
[
(p!)

p+1
p

4 p
√
M

+ (
2p · p!
M

)
1
p ])

Therefore, we have the following upper bound:

A∆

ηp+1T
+

A

ηp+1
[(
C1 · σ2

1

n1
)

p+1
2p +B

p+1
2p

1 ] +
A

η
p2−1

p

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ]

From our choice of n1 (where such an n1 exists due to maxiBi ≥ Ω(ϵ
3p

3p+1 ) such that

max{ C1 · σ2
1

(η
p+1

8A −B
p+1
2p

1 )
2p

p+1

, 1} ≤ n1 ≤
(ϵ+maxiBi)

p+1
p (maxi σi)

2

ϵ3(maxiBi + 1)
p+1
p

we have that

A

ηp+1
[(
C1 · σ2

1

n1
) +B

p+1
2p

1 ] ≤ 1

8

From our choice of T = ⌈ 8A∆
ηp+1 ⌉ we have that

A∆

ηp+1T
≤ 1

8
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From our choice of ni (for all i ≥ 2, which exists due to maxiBi ≥ Ω(ϵ
3p

3p+1 )) such that

max{Ciσ
2
i (
η

p2−1
p

8Ap
−B

p+1
2p

i )
−2p
p+1 , 1} ≤ ni ≤

(ϵ+maxiBi)
p+1
p (maxi σi)

2

ϵ3(maxiBi + 1)
p+1
p

it holds that

A

η
p2−1

p

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ] ≤ 1

8p

which implies that

A

η
p2−1

p

p∑
i=2

[(
Ci · σ2

i

ni
)

p+1
2p +B

p+1
2p

i ] ≤ (p− 1)

8p
≤ 1

8

Therefore, we have that

Pr(||∇F (x̂)|| ≥ 9M

8p!
(ϵ+max

i
Bi)) ≤

3

8

which implies that

Pr(||∇F (x̂)|| < 9M

8p!
(ϵ+max

i
Bi)) ≥

5

8

Now, we give a bound on the oracle complexity. Let M be the total number of oracle queries that we
make. In every iteration, we query the ith derivative oracle ni times which yields that

E[M ] = T

p∑
i=1

ni

≤ (
8A∆

ηp+1
+ 1)

p∑
i=1

ni

Substituting the upper bound for ni, we can further bound this expression by

(
8A∆

ηp+1
+ 1)

p∑
i=1

(ϵ+maxj Bj)
p+1
p · (maxi σi)

2

ϵ3(maxj Bj + 1)
p+1
p

≤ O(
∆

(ϵ+maxj Bj)
p+1
p

· (ϵ+maxj Bj)
p+1
p (maxi σi)

2

ϵ3(maxj Bj + 1)
p+1
p

+
(ϵ+maxj Bj)

p+1
p (maxi σi)

2

ϵ3(maxj Bj + 1)
p+1
p

)

= O(
∆(maxi σi)

2

ϵ3(maxj Bj + 1)
p+1
p

+
(ϵ+maxj Bj)

p+1
p (maxi σi)

2

ϵ3(maxj Bj + 1)
p+1
p

)

which finishes the proof.
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B Appendix B

Lemma 7. Let F ∈ Fp(∆, L1:p). For any biased and stochastic oracle in Op(F, σ1:p, B1:p),
let {Di(x(t))} represent the sequence of ith derivative iterates generated by Algorithm 2. Let
B = max1≤i≤pBi. Then, we have that

E[||Di(x(t))−∇iF (x(t))||2] ≤ 4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p

for all 1 ≤ i ≤ p and all t ≥ 1.

Proof. We can first say that

E||Di(x(1))−∇iF (x(1))||2

= E[||bi(x(1)) +
1

n1

n1∑
j=1

ϵ1(x
(1), z(1,j))||2]

≤ 2B2
i +

2

n2i

ni∑
j=1

||ϵi(x(1), z(1,j))||2 ≤ 2B2
i +

2σ2
i

ni
≤ 2B2

i +
2ϵ2

5

Let e(t) = Di
t(x

(t))−∇F i(x(t)), and we have that

E[||e(t)||2|b(t)] = b(t) · E[||e(t)||2|C(t) = 1] + (1− b(t)) · E[||e(t)||2|C(t) = 0]

where

E[||e(t)||2|C(t) = 1] ≤ 2B2
i +

2σ2
i

ni
≤ 2B2

i +
2ϵ2

5

We now say that

E[||e(t)||2|C(t) = 0]

≤ E[||e(t−1) + E[ψ(t)|G(t)]||2] + E[||ψ(t) − E[ψ(t)|G(t)]||2]

≤ E[(1 +
2

b(t)
) · ||e(t−1)||2] + E[(1 +

2

b(t)
) · ||E[ψ(t)|G(t)]||2] + E[||ψ(t) − E[ψ(t)|G(t)]||2]

where the first step follows from the fact that G(t) is a measurable set, and the second step is by
Young’s inequality. Above, we have that

ψ(t) = e(t) − e(t−1) =

K(t)∑
k=1

∇̃i+1F (x(t,k−1), z(t,k), bi)(x
(t,k) − x(t,k−1))−∇iF (x(t)) +∇iF (x(t−1))

We can calculate that

E[ψ(t)|G(t)] =
K(t)∑
k=1

(∇i+1F (x(t,k−1)) + bi+1(x
(t,k−1)))(x(t,k) − x(t,k−1))−∇iF (x(t)) +∇iF (x(t−1))

which implies that

||E[ψ(t)|G(t)]||

≤
K(t)∑
k=1

||(∇iF (x(t,k))−∇iF (x(t,k−1))−∇i+1F (x(t,k−1))(x(t,k) − x(t,k−1))||

+

K(t)∑
k=1

||bi+1(x
(t,k−1))|| · ||x(t,k) − x(t,k−1)||

≤ K(t) · Li+1

2
· ( ||x

(t) − x(t−1)||
K(t)

)2 +Bi+1||x(t) − x(t−1)||

≤ b(t)ϵ

10
+Bi+1η

≤ b(t)ϵ

10
+Bi+1b

(t)(ϵ+max
i
Bi)

1/p

22



We can also derive that

E[||ψ(t) − E[ψ(t)|G(t)]||2]

=
1

(K(t))2

K(t)∑
k=1

E[||(∇̃i+1F (x(t,k−1), z(t,k))−∇i+1F (x(t,k−1))− bi+1(x
(t,k−1))(x(t) − x(t−1))||2|G(t)]

≤ 1

(K(t))2

K(t)∑
k=1

E[||(∇̃i+1F (x(t,k−1), z(t,k))−∇i+1F (x(t,k−1))− bi+1(x
(t,k−1))||2op|G(t)] · ||x(t) − x(t−1)||2

≤ σ2
i+1

||x(t) − x(t−1)||2

K(t)
≤ b(t) ϵ

2

5

Combining both of these inequalities together, we have that

E||e(t)||2

= b(t)(2B2
i +

2ϵ2

5
) + (1− b(t)) · E[||e(t)||2|C(t) = 0]

≤ b(t)(2B2
i +

2ϵ2

5
) + E[(1− b(t))(1 + 2

b(t)
)||e(t−1)||2 + (1− b(t))(1 + 2

b(t)
)(
b(t)ϵ

10
+Bi+1b

(t)(ϵ+max
i
Bi)

1
p )2]

+ E[(1− b(t)) · b
(t)ϵ2

5
]

≤ E[b(t) · (2B2 +
2ϵ2

5
)] + (1− E[b(t)]

2
)||e(t−1)||2 + E[3b(t) · (ϵ+B(ϵ+B)1/p)2 + b(t)

ϵ2

5
]

≤ (1− E[b(t)]
2

)||e(t−1)||2 + E[b(t)](2B2 +
3ϵ2

5
+ 3(ϵ+B(ϵ+B)1/p)2)

≤ (1− E[b(t)]
2

)||e(t−1)||2 + E[b(t)] · (2B2 +
3ϵ2

5
+ 3(ϵ+Bϵ1/p +B1/p)2)

≤ (1− E[b(t)]
2

)||e(t−1)||2 + E[b(t)] · (2B2 +
3ϵ2

5
+ 9ϵ2 + 9B2ϵ2/p + 9B2/p)

= (1− E[b(t)]
2

)||e(t−1)||2 + E[b(t)] · (2B2 +
48ϵ2

5
+ 9B2ϵ2/p + 9B2/p)

= (1− E[b(t)]
2

)||e(t−1)||2 + E[b(t)]
2
· (4B2 +

96ϵ2

5
+ 18B2ϵ2/p + 18B2/p)

which implies that

E||e(t)||2

≤ (4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)− (2B2 +

94

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

t∏
s=2

(1− b(s)

2
)

≤ 4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p

which finishes the proof.

Lemma 8. It holds that

Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp) ≤ 16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
· [ (p!)

p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

+
16p(p+ 1)!

Mη
p2−1

p

· [ (p!)
p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p
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Proof. From Lemma 5, we have that

E[F (x(t))− F (x(t+1))]

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (x(t+1))|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · E[||∇F (x(t))−D(1)(x(t))||

p+1
p ]

− η
p+1
p (

(p!)
p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p )

p∑
i=2

E[||∇iF (x(t))−Di(x(t))||
p+1
p ]

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (x(t+1))|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · (E[||∇F (x(t))−D(1)(x(t))||2])

p+1
2p

− η
p+1
p · [ (p!)

p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p ] ·

p∑
i=2

(E[||∇(i)F (x(t))−D(i)(x(t))||2])
p+1
2p

≥ Mηp+1

16(p+ 1)!
Pr(||∇F (x(t+1))|| ≥ 9M

8p!
ηp)− [

(p!)
p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ

2
p + 18B

2
p )

p+1
2p

− pη
p+1
p · [ (p!)

p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ

2
p + 18B

2
p )

p+1
2p

Telescoping this recurrence from t = 1 to T gives

E[F (x(1))− F (x(T+1))]

≥ Mηp+1T

16(p+ 1)!
Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp)− T · [ (p!)

p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

− pη
p+1
p · [ (p!)

p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

which implies that

Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp) ≤ 16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
· [ (p!)

p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

+
16p(p+ 1)!

Mη
p2−1

p

· [ (p!)
p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

which finishes the proof.

Theorem 6. Theorem (4 restated). For any function F ∈ Fp(∆, L1:p), with biased and stochastic
pth order oracles in O(F, σ1:p, B1:p), with probability at least 5

8 , Algorithm 3 returns a point x̂ such
that:

• If maxiBi = Θ(1), then ||∇F (x̂)|| ≤ O(ϵ+maxiBi) with at most

O(
∆(maxi σi)

2(ϵ+B)
1
p + (maxi σi)

2

ϵ2
+

∆(ϵ+B)
1
p + 1

ϵ
)

queries to the stochastic and biased derivative oracles.

• If maxiBi > Ω(1), then ||∇F (x̂)|| ≤ O((ϵ2 +B2)
1
2 (ϵ+B)) with at most

O(
(maxi σi)

2

ϵ2(ϵ+B)
p+1
p

+
1

ϵ(ϵ+B)
p+1
p

)

queries to the stochastic and biased derivative oracles.

where B = maxiBi.
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Proof. From Lemma 8, we have that

Pr(||∇F (x̂)|| ≥ 9M

8p!
ηp)

≤ 16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
· [ (p!)

p+1
p

8 p
√
M

+ (
2p!

M
)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

+
16p(p+ 1)!

Mη
p2−1

p

· [ (p!)
p+1
p

8 p
√
M

+
1

2
(
2p · p!
M

)
1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

=
16(p+ 1)!

Mηp+1T
∆+

16(p+ 1)!

Mηp+1
[
(p!)

p+1
p + 8 · (2p!)

1
p

8M
1
p

] · (4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

+
16p(p+ 1)!

Mη
p2−1

p

· [ (p!)
p+1
p + 4(2p · p!)

1
p

8M
1
p

] · (4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

=
16(p+ 1)!

Mηp+1T
∆+

2(p+ 1)!

M
p+1
p ηp+1

[(p!)
p+1
p + 8 · (2p!)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

+
2p(p+ 1)!

M
p+1
p η

p2−1
p

· [(p!)
p+1
p + 4(2p · p!)

1
p ] · (4B2 +

96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

Letting

A = max(16(p+ 1)!, 2(p+ 1)! · [(p!)
p+1
p + 8 · (2p!)

1
p ], 2(p+ 1)! · [(p!)

p+1
p + 4(2p · p!)

1
p ])

we get an upper bound of

A∆

Mηp+1T
+

A

M
p+1
p ηp+1

· (4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

+
A

M
p+1
p η

p2−1
p

· (4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p

Let X = 4B2 + 96
5 ϵ

2 + 18B2ϵ2/p + 18B2/p. Since we set

M = max{(8AX
p+1
2p

ηp+1
)

p
p+1 , (

8Ap ·X
p+1
2p

η
p2−1

p

)
p

p+1 , (ϵ+B)
−p−2

p , 8Lp)

we have that
A

M
p+1
p ηp+1

(4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p ≤ 1

8

and
pA

M
p+1
p η

p2−1

p2

(4B2 +
96

5
ϵ2 + 18B2ϵ2/p + 18B2/p)

p+1
2p ≤ 1

8

and through setting

T = ⌈ 8A∆

Mηp+1
⌉ > 8A∆

Mηp+1

we have that
A∆

Mηp+1T
<

1

8

Notice that if B = Θ(1), then X = Θ(1), we have that

5

8
≤ Pr(||∇F (x̂)|| ≤ 9M

8p!
ηp) ≤ Pr(||∇F (x̂)|| ≤ O(1) · (ϵ+B))
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On the other hand, if B > Ω(1), then X = O(B2 + ϵ2), which implies that M =

max(O( (B
2+ϵ2)1/2

ηp ), O( (B
2+ϵ2)

1
2

ηp−1 ), O(1), O(1)). Since B > Ω(1), 1− ϵ < (ϵ+B)
1
p , so η = 1− ϵ.

Therefore, M = O((B2 + ϵ2)
1
2 ). We then have that

5

8
≤ Pr(||∇F (x̂)|| ≤ 9M

8p!
ηp) ≤ Pr(||∇F (x̂)|| ≤ O((ϵ2 +B2)

1
2 (ϵ+B))

Let Mi be the number of oracle queries for derivative order i, and let M =
∑p+1

i=1 Mi be the total
number of oracle queries. With regards to the oracle complexity, we have that

E[M ]

≤
p+1∑
i=1

E[Mi]

= T

p+1∑
i=1

Pr(C = 1)E[mi|C = 1] + Pr(C = 0)E[mi|C = 0]

= T

p+1∑
i=1

bni + (1− b)Ki

≤ T
p+1∑
i=1

b(
5σ2

i

ϵ2
+ 1) + (1− b)(

5(σ2
i+1 + Li+1ϵ)

bϵ2
+ 1)

Letting σ = maxi σi, we upper bound the expression above by

T

p+1∑
i=1

b(
5σ2

ϵ2
+ 1) + (1− b)(5(σ

2 + Li+1ϵ)

bϵ2
+ 1)

≤ T
p+1∑
i=1

5b2σ2 + 5σ2 + 5Li+1ϵ

bϵ2
+ 2

≤ T ·O(
σ2

ϵ2
+

1

ϵ
)

We again analyze the following cases: B = Θ(1) and B > Ω(1). If B = Θ(1), then
8A∆

Mηp+1
≤ 8A∆

(ϵ+B)−
1
p ηp+1

≤ 8A∆

(ϵ+B)
−p−2

p (ϵ+B)
p+1
p ·O(1)

= O(1) · 8A∆ · (ϵ+B)
1
p

Therefore,

T ·O(
σ2

ϵ2
+

1

ϵ
) ≤ O(

∆σ2(ϵ+B)
1
p + σ2

ϵ2
+

∆(ϵ+B)
1
p + 1

ϵ
)

If B > Ω(1), then
8A∆

Mηp+1
=

8A∆

M(ϵ+B)
p+1
p

≤ 8A∆

8Lp · (ϵ+B)
p+1
p

≤ O(
∆

Lp · (ϵ+B)
p+1
p

)

and so we have that

T ·O(
σ2

ϵ2
+

1

ϵ
) ≤ O(

σ2

ϵ2(ϵ+B)
p+1
p

+
1

ϵ(ϵ+B)
p+1
p

)

which finishes the proof.

C Appendix C

C.1 Preliminaries

We first introduce some important notational conventions used throughout this section. Given a pth
order tensor T ∈ Rd×...,×d, we define the support of T as the following:

supp(T ) = {i ∈ [d] : Ti ̸= 0}
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where Ti is the (p−1) order subtensor denoted by [Ti]j1,...,jp−1 = Ti,j1,...,jp−1 . For a tuple of tensors
T = (T (1), T (2), . . .), we define

supp(T ) =
⋃
i

supp(Ti)

Moreover, given x ∈ Rd, let

progα(x) = max{i ≥ 0, |xi| > α}
which represents the highest index of x whose entry is at least α from zero. Notice that for any
α1, α2 ∈ [0, 1) such that α1 < α2, we have that progα2

(x) < progα1
(x). For a tensor T , we define

prog(T ) = max{supp{T}} which represents the highest index in supp{T}, and naturally for a
collection of tensors T = {T (i)}, we define prog(T ) = maxi prog(T

(i)).

Definition 1. A biased and stochastic algorithm A is zero-respecting if for any function F and
pth-order oracle Op

F , the iterates {x(t)} satisfy

supp(x(t)) ⊆
⋃
i<t

supp(Op
F (x

(i), z(i), b(i)))

for all t ∈ N.

Definition 2. A collection of derivative estimators ∇̃1F (x, z, b), . . . , ∇̃pF (x, z, b) for a function F
form a probability-ρ zero-chain if

Pr(∃x| prog(∇̃1F (x, z, b), . . . , ∇̃pF (x, z, b)) = prog 1
4
(x) + 1) ≤ ρ

and

Pr(∃x| prog(∇̃1F (x, z, b), . . . , ∇̃pF (x, z, b)) = prog 1
4
(x) + i) = 0

for all i > 1.

Lemma 9. Let ∇̃1F (x, z, b), . . . , ∇̃pF (x, z, b) be a collection of probability-ρ zero-chain derivative
estimators for F : RT → R, and let Op

F (x, z, b) = (∇̃qF (x, z, b))q∈{1,...,p}. Let {x(t)A[OF ]} be a
sequence of queries produced by algorithm A interacting with Op

F . Then, with probability at least
1− δ,

prog(x(t)) < T

for all

t ≤ T − log(1/δ)

2ρ

Proof. Proved in Lemma 16 of [7]

Definition 3. Let

FT (x) = −Ψ(1)Φ(1) +

T∑
i=2

[Ψ(−xi−1)Φ(−xi)−Ψ(xi−1)Φ(xi)

where

Ψ(x) =

{
0 if x ≤ 1

2

exp(1− 1
(2x−1)2 ) if x > 1

2

, Φ(x) =
√
e

∫ x

−∞
e−

1
2 t

2

dt

Lemma 10. For FT , the following properties hold:

• FT (0)− infx FT (x) ≤ ∆0T , where ∆0 = 12

• For all p ≥ 1, the pth order derivatives of Ft are ℓp-Lipschitz continuous, where ℓp ≤
exp( 52p log p+ cp) for some c <∞
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• For all x ∈ RT , p ∈ N, and 1 ≤ i ≤ T , we have that ||∇p
iFT (x)||op ≤ ℓp−1

• For all x ∈ RT , p ∈ N, prog(∇qFT (x)) ≤ prog 1
2
(x) + 1

• For all x ∈ RT , if prog1(x) < T , then ||∇FT (x)|| ≥ |∇prog1(x)+1FT (x)| > 1

• For all x, y ∈ Rd, there exists a constant C ≥ 0 such that ||F (x)−F (y)|| ≤ C
√
T ||x− y||

Proof. The first five statements follow from Lemma 2, Lemma 3, and Observation 3 of [10] and
section G.1.1. of [7]. We now prove the last statement coordinate-wise by considering three separate
cases for a coordinate i: 1 < i < T , i = 1, and i = T . First, let 1 < i < T . So, we have that
∂iFT (x)

=
∂

∂xi
(Ψ(−xi−1)Φ(−xi)−Ψ(xi−1)Φ(xi)) +

∂

∂xi
(Ψ(−xi)Φ(−xi+1)−Ψ(xi)Φ(xi+1))

= −Ψ(−xi−1)Φ
′(−xi)−Ψ(xi−1)Φ

′(xi)−Ψ′(−xi)Φ(−xi+1)−Ψ′(xi)Φ(xi+1)

Observe that by construction of Ψ, we have that |Ψ(x)| ≤ e and |Ψ′(x)| ≤ 5. Also, observe that

Φ(x) =
√
e

∫ x

−∞
e−t2/2 ≤

√
e

∫ ∞

−∞
e−t2/2 =

√
2πe

and that |Φ′(x)| ≤
√
e. Therefore, it holds that

|∂iFT (x)| ≤ e
√
e+ e

√
e+ 5

√
2πe+ 5

√
2πe ≤ 51

One can derive similar constants for the i = 1 and i = T case. Let C be the maximum of 51 and
these constants. We have that

||∇FT (x)||2 = (

T∑
i=1

|∂iFT (x)|2)
1
2 ≤ (

T∑
i=1

C2)
1
2 = C

√
T

The statement follows by applying norm equivalence in finite dimensional spaces.

Definition 4. For all q, define the derivative estimators used to be

[∇̃qFT (x, z)]i = (1 + 1{i > prog 1
4
(x)}(z

ρ
− 1)) · (∇q

iFT (x) + bqi (x))

where bq is such that bqi (x) = 0 for all i > prog1/4(x) + 1, ||bqi (x)|| ≤ Bq , and z ∼ Bernoulli(ρ).

Lemma 11. The derivative estimators ∇̃qFT form a probability-ρ zero-chain and satisfy:

E[||∇̃qFT (x, z)−∇qFT (x)||2] ≤
2ℓ2q−1(1− ρ)

ρ
+ 2B2

q

Proof. First, we prove that these derivative estimators form a probability-ρ chain. First, by the
definition of FT and bi, we can immediately conclude that [∇̃qFT (x, z)]i = 0 for all i > prog 1

4
(x)+

1. Now, when i = prog 1
4
(x) + 1, we have that [∇̃qFT (x, z)]i =

z
p · (∇

q
iFT (x) + bi(x)). if z = 0

(with probability 1− ρ), then we have that [∇̃qFT (x, z)]i = 0. So, the first condition follows. Let
∇q
F (x) be a stochastic but unbiased estimator of ∇qF (x). We then have that

E[||∇̃qFT (x, z)−∇qFT (x)||2]
≤ 2E[||∇̃qFT (x, z)−∇

q
FT (x, z)||2] + 2E[||∇q

FT (x, z)−∇qFT (x, z)||2]

≤ 2||bq(x)||2 +
2ℓ2q−1(1− ρ)

ρ

≤ 2B2
q +

2ℓ2q−1(1− ρ)
ρ

which finishes the proof.
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C.2 Theorem 1 Proof

Remark 1. Our oracle model is the same as in [3], when setting M = m = 0, σ = σ1, ζ = B1, and
finding a point x where ||∇F (x)|| = O((ϵ+B2

1)
1/2)

Proof. The setting of constants M,m, σ, ζ follows from definition 1, assumption 3, and assumption
4 in [3]. The last point follows from the fact that in Theorem 4 of [3], the goal was to have iterates
{xt} such that

1

T

T−1∑
t=0

E||∇f(x(t))||2 = O(ϵ+B2
1)

which we can equivalently express as

E||∇F (x̂)|| = O((ϵ+B2
1)

1
2 )

where x̂ is drawn uniformly from {xt}.

Theorem 7. (Theorem 1 restated). When p = 1, there exists F ∈ F1(∆, L1) and (O1
F , Pz) ∈

O1(F, σ1, B1) such that for any first-order zero-respecting algorithm (definition 1) where ϵ < 1
4 and

B1 ≤ O(1), the minimum number of queries to obtain a (ϵ+B2
1)

1
2 stationary point with constant

probability is bounded below by

Ω(
∆L1

ϵ+B2
1

+
∆L1σ

2
1

ϵ2 +B4
1

)

Proof. We let F ∗
T = αFT (βx) for some constants α, β which we set in this proof. With probability

at least 3
4 , we have that prog(x(t)

A[Op
F ]
) < T for all t ≤ T−2

2ρ . Since prog1(x) ≤ prog(x), we have
that

E||∇F ∗
T (x

(t)

A[Op
F ]
)|| = αβE||∇FT (x

(t)

A[Op
F ]
)|| ≥ αβ

2

and that

E||∇̃qF ∗
T (x, z)−∇qF ∗

T (x, z)||2 ≤ α2β2q(
2ℓ2q−1(1− ρ)

ρ
+ 2B2

q )

for all q. Notice that by construction of F ∗
T , we have that

• F ∗
T (0)− infx F

∗
T (x) = α(FT (0)− infx FT (αx)) ≤ α∆0T

• ||∇2F ∗
T (x)|| = αβq+1||∇2FT (βx)|| ≤ αβ2ℓ1

• ||∇F ∗
T (x)|| ≥ αβ||∇FT (x)|| ≥ αβ

2

We also have that

E||∇̃F ∗
T (x, z)−∇F ∗

T (x, z)||2 ≤ α2β2(
2ℓ20(1− ρ)

ρ
+ 2B2

1)

We set constants such that

• α∆0T ≤ ∆

• αβ2ℓ1 ≤ L1

• αβ
2 ≥ (ϵ+B2

1)
1
2

• α2β2(
2ℓ20(1−ρ)

ρ + 2B2
1) ≤ 2σ2

1 + 2B2
1 =⇒ α2β2(

ℓ20(1−ρ)
ρ +B2

1) ≤ σ2
1 +B2

1
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First, let α = 2(ϵ+B2
1)

1
2 /β. We then set

ρ = min{ α2β2ℓ20
σ2
1 +B2

1 − α2β2B2
1

, 1} = min{ 4(ϵ+B2
1)ℓ

2
0

σ2
1 +B2

1 − 4(ϵ+B2
1)B

2
1

, 1}

With this choice of ρ, it’s easy to check that

α2β2(
ℓ20(1− ρ)

ρ
+B2

1) ≤ σ2
1 +B2

1

To satisfy the Lipschitz condition, we set

β =
L1

2(ϵ+B2
1)

1
2 ℓ1

and we set

T = ⌊ ∆

α∆0
⌋ = ⌊ ∆β

2∆0(ϵ+B2
1)

1
2

⌋

By Lemma 9, we have that

T − 2

2ρ
=

1

2ρ
(⌊ ∆β

2∆0(ϵ+B2
1)

1
2

− 2⌋)

≥ 1

2ρ
· ∆β

4∆0(ϵ+B1)
1
2

≥ Ω(
σ2
1 +B2

1 − 4(ϵ+B2
1)B

2
1

8(ϵ+B2
1)ℓ

2
0

· ∆

4∆0(ϵ+B2
1)

1
2

· L1

2(ϵ+B2
1)

1
2 ℓ1

)

= Ω(
∆L1(σ

2
1 + (1− 4ϵ)B2

1 − 4B4
1)

64∆0ℓ20ℓ1(ϵ+B2
1)

2
)

Now, since ϵ < 1
4 , we can continue to lower bound this expression as follows:

Ω(
∆L1(σ

2
1 − 4B4

1)

64∆0ℓ20ℓ1(ϵ+B2
1)

2
)

≥ Ω(
∆L1σ

2
1

64∆0ℓ20ℓ1(ϵ+B2
1)

2
− 4∆L1

64∆0ℓ20ℓ1
)

≥ Ω(
∆L1σ

2
1

∆0ℓ20ℓ1(ϵ+B2
1)

2

= Ω(
∆L1σ

2
1

∆0ℓ20ℓ1(ϵ
2 +B4

1)
)

Now, considering the case where the derivative oracles are biased but not stochastic (i.e σ1 = 0), we
have the following conditions:

• α∆0T ≤ ∆

• αβ2ℓ1 ≤ L1

• αβ
2 ≥ (ϵ+B2

1)
1
2

• α2β2(
2ℓ20(1−ρ)

ρ + 2B2
1) ≤ 2B2

1 =⇒ α2β2(
ℓ20(1−ρ)

ρ +B2
1) ≤ B2

1

Again, we let α = 2(ϵ+B2
1)

1
2 /β. We then set

ρ = min{ α2β2ℓ20
B2

1(1− α2β2)
, 1} = min{ 4(ϵ+B2

1)ℓ
2
0

B2
1 − 4B2

1(ϵ+B2
1)
, 1}
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We again set

β =
L1

2(ϵ+B2
1)

1
2 ℓ1

and

T = ⌊ ∆

α∆0
⌋ = ⌊ ∆β

2(ϵ+B2
1)

1
2∆0

⌋

By Lemma 9, we have that

T − 2

2ρ
=

1

2ρ
(⌊ ∆β

2(ϵ+B2
1)

1
2∆0

⌋ − 2)

≥ 1

2ρ
· ∆β

4∆0(ϵ+B2
1)

1
2

≥ Ω(
∆β

∆0(ϵ+B2
1)

1
2

)

since for all B1 ≤ O(1), ρ = Θ(1). When we further lower bound this expression, we have that

Ω(
∆β

∆0(ϵ+B2
1)

1
2

) ≥ Ω(
∆L1

∆0(ϵ+B2
1)ℓ1

) = Ω(
∆L1

ϵ+B2
1

)

Putting the two lower bound expressions together (as in [20]) yields the matching lower bound:

Ω(
∆L1

ϵ+B2
1

+
∆L1σ

2
1

ϵ2 +B4
1

)

C.3 Theorem 2 Proof

Theorem 8. (Theorem 2 restated). For all p ≥ 2, ∆, L1:p, σ1:p > 0, ϵ <
√
σ1, and maxiBi ≤

√
3
2 σ1,

there exists F ∈ Fp(∆, L1:p) and (Op
F , Pz) ∈ Op(F, σ1:p, B1:p) such that for any pth order zero-

respecting algorithm, the number of queries to obtain a point an ϵ+maxiBi stationary point with
constant probability is bounded below by

Ω(1) · (σ
2
1 − 4(ϵ+B)2B2

1)∆

32(ϵ+B)3ℓ20∆0
·

min
q′∈{1,...,p},q∈{2,...,p}

min{(
ℓ20(σ

2
q +B2

q )

2ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

)
1

2(q−1) , (
σ2
q +B2

q

8(ϵ+B)2B2
q

)
1

2(q−1) , (
Lq′

2(ϵ+B)ℓq′
)

1
q′ }

Proof. We perform a similar argument to that for the proof of Theorem 1, except now accounting for
the higher order Lipschitz constraints. We have that

E||∇F ∗
T (x

(t)

A[Op
F ]
)|| = αβ||∇FT (x

(t)

A[Op
F ]
)|| ≥ αβ

2

and that

E||∇̃qF ∗
T (x, z)−∇qF ∗

T (x, z)||2 ≤ α2β2q(
2ℓ2q−1(1− ρ)

ρ
+ 2B2

q )

We now set constants such that

• α∆0T ≤ ∆

• αβq+1ℓq ≤ Lq

• αβ
2 ≥ ϵ+maxj Bj
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• α2β2q(
2ℓ2q−1(1−ρ)

ρ + 2B2
q ) ≤ 2σ2

q + 2B2
q =⇒ α2β2q(

ℓ2q−1(1−ρ)

ρ +B2
q ) ≤ σ2

q +B2
q

First, let

α =
2(ϵ+maxj Bj)

β
Now, we set

ρ = min{ α2β2ℓ20
σ2
1 +B2

1 − α2β2B2
1

, 1}

This implies that

α2β2q(
ℓ2q−1(1− ρ)

ρ
+B2

q )

≤ α2β2q(
ℓ2q−1

ρ
+B2

q )

≤ α2β2q(
ℓ2q−1(σ

2
1 +B2

1 − α2β2B2
1)

α2β2ℓ20
+B2

q )

≤
β2(q−1)ℓ2q−1(σ

2
1 +B2

1 − α2β2B2
1)

ℓ20
+ α2β2qB2

q

=
β2(q−1)ℓ2q−1(σ

2
1 +B2

1 − 4(ϵ+B)2B2
1)

ℓ20
+ α2β2qB2

q

where B = maxj Bj . Letting

β2(q−1)ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

ℓ20
+ α2β2qB2

q ≤ σ2
q +B2

q

and solving for β such that
β2(q−1)ℓ2q−1(σ

2
1 +B2

1 − 4(ϵ+B)2B2
1)

ℓ20
≤
σ2
q +B2

q

2

and

α2β2qB2
q ≤

σ2
q +B2

q

2
and the Lq-condition holds, yields

β = min
q′∈{1,...,p},q∈{2,...,p}

min{(
ℓ20(σ

2
q +B2

q )

2ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

)
1

2(q−1) , (
σ2
q +B2

q

8(ϵ+B)2B2
q

)
1

2(q−1) , (
Lq′

2(ϵ+B)ℓq′
)

1
q′ }

Setting

T = ⌊ ∆

α∆0
⌋ = ⌊ ∆β

2∆0(ϵ+B)
⌋

We now have that (assuming T ≥ 5)
T − 2

2ρ
=

1

2ρ
(⌊ ∆β

2∆0(ϵ+B)
⌋ − 2)

≥ 1

2ρ
· ∆β

4∆0(ϵ+B)

≥ σ2
1 +B2

1 − α2β2B2
1

2α2β2ℓ20
· ∆

4∆0(ϵ+B)
·

min
q′∈{1,...,p},q∈{2,...,p}

min{(
ℓ20(σ

2
q +B2

q )

2ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

)
1

2(q−1) , (
σ2
q +B2

q

8(ϵ+B)2B2
q

)
1

2(q−1) , (
Lq′

2(ϵ+B)ℓq′
)

1
q′ }

≥ (σ2
1 − 4(ϵ+B)2B2

1)∆

32(ϵ+B)3ℓ20∆0
·

min
q′∈{1,...,p},q∈{2,...,p}

min{(
ℓ20(σ

2
q +B2

q )

2ℓ2q−1(σ
2
1 +B2

1 − 4(ϵ+B)2B2
1)

)
1

2(q−1) , (
σ2
q +B2

q

8(ϵ+B)2B2
q

)
1

2(q−1) , (
Lq′

2(ϵ+B)ℓq′
)

1
q′ }
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which finishes the proof.
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