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Abstract

We consider the problem of finding d-stationary points, i.e.,  such that ||V F(x)|| < ¢, for smooth,
non-convex objectives, where the derivative oracles are not only stochastic but also biased. In
the first-order setting, we provide lower bounds for finding an O((e + B?)!/2)-stationary point,
where B is a bound on the gradient bias, which nearly matches the upper bound in Ajalloeian
and Stich (2020). We then establish bias-dependent lower bounds for algorithms that use higher-
order derivative information for finding e-stationary points, and to complement these lower bounds,
we develop p'"-order trust-region based methods that, under small enough bias and for p — oo,
achieves the O(¢~2) query complexity in the lower bound, thereby providing insight to the benefits
of higher-order information in the presence of bias. We further improve upon the bias restriction for
the first-order derivative through a variance-reduction scheme, while still maintaining the property
that taking p — oo recovers the known worst-case O(e~3) query complexity.

Keywords: Biased Stochastic Oracles, High-Order Derivative Information, Variance Reduction

1. Introduction

For a function F : R? — R which is at least (p + 1)-times differentiable, has Lipschitz continuous
derivatives, and has bounded suboptimality A such that F'(0) — inf, F'(z) < A, we focus on the
task of finding an e-stationary point: that is, z € R¢ such that

IVE(z)| < e

for some precision parameter € > 0. Finding such stationary points is a task that has been explored
in numerous previous works (e.g. Carmon et al. (2019a), Carmon et al. (2019b)) and serves as a
natural proxy for finding approximate local optima.

When working with smooth, but potentially nonconvex functions, finding global optima has been
shown to be intractable. In fact, it was shown that for functions F’ whose p derivatives are all smooth,
the worst case oracle complexity of finding a point x such that f(x) < f(z*) + € scales at least
as (1/€)%/P, where d is the dimensionality of the problem (Nemirovsky and Yudin (1983)). There-
fore, we naturally turn to finding local optima whose gradient norm is sufficiently small. Moreover,
just like Nemirovsky and Yudin (1983), we refer to oracle complexity as the number of queries to
derivative oracles, where the i‘" order derivative oracle returns an i‘" derivative estimate of F at a
query point .

There have been a variety of work that has studied the oracle complexity of finding e-stationary

points (i.e E||VF(z)|| < ¢). In Ghadimi and Lan (2013), the authors derive an O(e~*) oracle
complexity bound for using first order methods (SGD) to find an e-stationary point. This first order
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complexity bound was improved in Fang et al. (2019) to O(e~3-*), with the additional assumption
that the stochastic gradient V F'(z, £) was L-smooth. One can also further improve this complexity
bound to O(e~3) if the noisy gradient satisfy a mean-squared smoothness property (Arjevani et al.,
2019). Moreover, after incorporating access to a stochastic Hessian V2F(z, £), we also get a com-
plexity bound O(e=3?), while also relaxing the smoothness assumption of the stochastic gradient
(Tripuraneni et al., 2017). There has also been several works which employ variance reduction (e.g.
Fang et al. (2018), Zhou et al. (2018)), some of which use methods like hessian-vector products to
compute better representations of the gradient and have an even better O(¢~3) oracle complexity.
These works (as well as more empirical-based works such as Kingma and Ba (2015), Luo et al.
(2025), Chen et al. (2023)) are part of a broader set of works that assume stochastic and unbiased
derivative oracles, where for all derivatives ¢ = 1, ..., p, we have that

E[V'F(z,)] = VIF(z)
and
E|V'F(2,) — VIF(2)||op < 07

for some set of variance parameters o1, . .., 0, and where the noise { drawn from some distribution
P is a random variable. In Arjevani et al. (2020), the authors extended the analysis done in previ-
ous works by introducing a so-called “elbow effect”, which essentially represents the fact that even
when using higher order derivatives beyond the second order in the unbiased but stochastic oracle
setting, the worst case oracle complexity still scales as O(e=3).

However, in many cases, even the assumption that the derivative oracles are unbiased may be too
strong. In machine learning, for instance, it is often intractable to compute an unbiased representa-
tion of a higher-order derivative, and therefore, we consider a setting where the derivative oracles
are both stochastic and biased. For example, in Liu et al. (2024), the authors presents an algorithm
called Sophia, which uses an unbiased estimation of the Hessian diagonal for large language model
pretraining tasks. Notice that we can formulate the computation of an unbiased representation of the
Hessian diagonal as the algorithm querying a second order oracle that is biased (as we only think
about the main diagonal) and stochastic (since we compute an unbiased representation of this diag-
onal. In addition, when considering distributed optimization, where the data is split among multiple
workers, delayed gradient or higher order derivative updates introduce bias into the weight updates
(Lin et al. (2018), Beznosikov et al. (2023)). Moreover, there have been other works that have began
to consider settings where the derivative oracles are both stochastic and biased (Adil et al. (2025),
Demidovich et al. (2024), Ajalloeian and Stich (2020)).

In our work, we assume that our derivative oracles are stochastic and biased, where for all deriva-
tives: = 1,...,p, we have that

ViF(z,£,b) = VIF(2) + &(, 2) + bi(x)
where

E.p.[&i(z,2)] = 0, El|&(, 2|3, < of, [|bi(2)|lop < Bi
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for some set of variance parameters o1, ..., 0, and bias parameters B, ..., B,. We not only build
upon existing analyses for first and second methods in the stochastic and biased setting, but also ex-
tend this exploration to the higher order setting, demonstrating that there are advantages to appealing
to higher order information in a stochastic and biased environment.

1.1. Our Main Contributions

We build on previous works in stochastic nonconvex optimization, by now considering a setting
where our derivative oracles are biased as well stochastic. Below, we outline our results in our pa-
per.

First Order Extension. In Ajalloeian and Stich (2020), the authors considered derived the follow-

ing upper bound for the oracle complexity for finding iterates {; } such that ZtT:o E||VF(z®)|[?
O(e + B?):

ALl ALlcr%
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equivalent to finding an O((e + B?)2) stationary point, where L is the Lipschitz constant of VF'.
Llo'%

€2+ B}
constant factors to demonstrate that the upper bound is quite tight:

We derive a lower bound that matches the stochastic term ( )of the above upper bound up to
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where we define £y, Ag, £1 in Appendix C where we show the proof of this lower bound. This raises
a question as to how derivative orders p > 2 would behave when these oracles were biased and
stochastic.

Higher Order Lower Bound. To understand how algorithms that use derivative orders p > 2
would behave in the worst case scenario, we derive the following worst case oracle complexity for
finding e-stationary points:

(o7 + B})A

, (5(o2 + B2)
3 . min
€ q'€{1,.p},q€{2,..p}

202 (0} + B} — 4€2By)

Ly 1
(55)7}
26€q/

Q

Q(l) . )2(11171)

min{(

We then wondered if this lower bound was tight, and developed algorithms to try and match these
lower bounds as closely as possible. Building on this, we further show that this lower bound is
nearly tight by developing algorithm . ..

Minibatch Higher Order Derivative (MHOD) Estimation. We develop an algorithm where
each derivative estimate D* can be computed as an average of n; calls to the 7" derivative oracle:

, 1 & .
D'(z) = - ZVZF(iIfaﬁj,bi)
i =



where VF is a biased and stochastic i derivative oracle. At each step, we solve the following
subproblem:

p

: 4 M

= ' E :f O PP [ T
Tty1 = argmin —D [y xt] +

yilly—z¢||<n ;4 il (]3-|— 1)!

[ly — | P+
2-1)
for some M > 8L,. Assuming that B; < O(€?) and B; < O( ) for all i > 2, we have the
following oracle complexity bound to find an e-stationary point:
U%A (maXQSigp Uz‘)Q

3p+1 3p—1 )
€ P € P

O(
where as p — 0o, we recover the e % dependence given by previously known lower bounds.

Variance Reduction Based Derivative Estimation. Given numerous previous works which show
the advantages of using variance reduction in derivative estimation, we also utilize variance reduc-
tion based techniques with hopes of improving the bias restrictions and the oracle complexity bound
for ﬁndmg e statlonary points. Adopting a similar scheme to Arjevani et al. (2020), we find that if

2(p—1)
B; <O(e ) forall ¢ > 1, we have the following oracle complexity bound to find an e-stationary
point:
A(max->1 O")2 A
O( 3;7-0-_1 : + 2p+1 )
€ P € P

thereby reflecting a slightly weaker bias restriction for the first order term and the property that the
¢~ dependence is recovered as p — 0.

1.2. Additional Related Work

We briefly discuss additional related works that give some more broader context for our work.
First, we discuss several known rates for finding e-stationary points for nonconvex objectives where
the oracles are deterministic (i.e. noiseless and unbiased). First, an improvement O(e~ 4) to the
previously known O(e~2) query complexity for first order methods was achieved in Carmon et al.
(2017) through incorporating second order information and assuming that the Hessian is Lipschitz
continuous, where the lower bound for deterministic algorithms that only rely on first and second
order information as Q((%) (Carmon et al., 2019b). Furthermore, the authors highlight how this
query complexity can be improved by appealing to higher order information, as we do in our work
as well. In particular, when using p*" order oracles (assuming that all p derivatives are Lipschitz
continuous), we get an oracle complexity of O(e(_l_%)), thereby yielding an O(e~!) complexity
as p — oo. Moreover, in Agarwal et al. (2017), the authors present a method that uses cubic
regularization to achieve an 0(67%) oracle complexity for finding an e-stationary point x that also
satisfies V2 f(x) = —e2].

1.3. Paper Organization

We formally go over our problem setup in Section 2, including the function class assumptions and
oracle setup. In Section 3, we present the lower bounds for both the first and higher order settings.
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In Section 4, we present the algorithms that use minibatch-higher order derivative estimation (1)
and variance reduction based derivative estimation (3). We conclude the paper in Section 5, pro-
viding some potential avenues for future work, and prove theorem 3 in appendices A, theorem 4 in
appendix B, and theorems 1 and 2 in appendix C.

Notation. For some 1 < i < p, let V*F refer to the it" derivative of a function F' € CP, where

CP denotes the set of p times differentiable, continuous functions. For all 4, [VIF(z)];,, j, =
O'F

95— For matrices A and tensors T, || - |[op denotes the operator norm, and unless oth-
J1 4
erwise specified || - || refers to the operator norm. For a symmetric tensor T', we let ||T'||op =

sup|jy|j=1 [{T,v; - -, )]

2. Setup

We study the task of finding e-approximate stationary points. Here, we go over the framework for
our analysis, which includes the function class and the oracle setup. In this paper, we consider
p'" order optimization algorithms which access the function F' € Fp(A, Li.,) and its” derivatives
through a stochastic and biased p'* order oracle (O, P,) € Oy(F, 1., B1p)-

2.1. Function Class

We consider the same framework as Arjevani et al. (2020) and restate it for completeness. We
consider p-times differentiable functions satisfying standard regularity conditions and let

Fp(A Lip) = {F R = R ||VIF(2) = VIF(y)|| < Lylle — yl| Yo,y € R, q € [p]}
and where for all F' € F,(A, Ly.p), we have that

F(O)—il;fF(a:) <A

where L., = (Lq,..., L,) represents the Lipschitz constants of the first to pt" order derivatives
VP F' with respect to the operator norm.

2.2. Oracles

For a function F' € F,(A, L1.,), we consider a class of biased and stochastic pt" order oracles,
defined by a distribution P, over a measurable set Z and an estimator

OY(x,2,b) := (F(az, z,bp), @F(m, z2,b1),. .., @pF(:c, z,bp))

where {@qF(x, z,bq) 5:0 are biased and stochastic estimators for their respective derivatives. For
all z and g € [p], we have that VIF(z, 2,b) = VF9(x)+&,(x, 2) +by(z), where B, p_ [£,(x, 2)] =

0. El[éy(x, )12 < o2, and |[by(2)]| < B,.

Given variance parameters o1, and bias parameters By.,, we define the oracle class Oy (F, 01.p, B1:p)
to be the set of all biased and stochastic p!” order oracles such that the conditions above hold.



3. Lower Bounds

We first consider the scenario of finding an O(f(€) + g(Bi, . .., Bp)) stationary point, where f and
g are positive functions of the precision parameter € and the bias terms respectively. In Ajalloeian
and Stich (2020), the authors present the following upper bound on the number of oracle queries for
finding iterates {z;} where & ZtT:_Ol E||VE(z®)||> = O(e + B?) (equivalently finding z € {z;}
such that || VF(z)|| = O((e + B2)2):

ALl ALlof
e+ B} €+ B}

o( )

In theorem 1, we derive a nearly matching lower bound that matches the stochastic term of the upper
bound. In fact, when the stochastic term dominates, the lower bound matches the provided upper
bound exactly (up to constant factors).

Theorem 1 When p = 1, there exists F € Fi(A, L1) and (O, P,) € O1(F, 01, By), such that
for any first-order zero-respecting algorithm and e < %, the minimum number of queries to obtain

a(e+ B%)%-smtionary point with constant probability is bounded below by

ALla%
Aoggfl (62 + B%)

o )

where Ag, Ly, {1 are defined in Appendix C.

Given the nearly matching upper and lower bounds in the first order setting, one natural question
was the following: Can we derive analogous lower and upper bounds in the higher order setting?
In Theorem 2, we derive a lower bound for finding in e-stationary point using biased and stochastic
derivatives using derivatives 1, ..., p.

Theorem 2 Forallp € N, A, Ly.p, 015 > 0, B1;p > 0, and € < %, there exists F' € Fp(A, L1.p)
and (O, P,) € O,(F, 01, B1.p), such that for any pth-order zero-respecting algorithm, the num-
ber of queries to obtain e-stationary point with constant probability is bounded below by

o + B})A

2(02 + B2) 1 Ly 1
am) -t 0%+ By

2(q—1) q 7
) 1 7(2€€q/)q}

. min min
a€{1,...p}qe{2,....p} {(262_1(0% + B% —4€2By)

where {{,} is defined in Appendix C.

Proof Here we provide a brief proof sketch, deferring the full proof to Appendix C. Note that this
proof sketch applies to theorem 1 as well.

We use a specific hard function (3) and a specific expression to estimate the derivative of that func-
tion (5) and show that this collection of derivative estimators forms a probability-p chain (for some
0 < p < 1) where the following properties hold:

Pr(3z| prog(V F(z, z,b),...,VPF(x, 2,b)) = progi (z) + 1)

4

Pr(3z| prog(V'F(z, 2,b), ..., VPF(x, 2,b)) = progs (z) + i) =

4

IA

P ey
0 2)
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or all # > 1. In other words, every oracle query can “discover” at most one new coordinate of
z, thereby providing a lower bound on the number of queries needed to make sufficient progress
(see appendix C for a more rigorous definition of “progress”). We then show that the derivative
estimators {V?Fr(z,z,b)} form a probability-p zero-chain and set our Fi(z) = aFr(Sx) and
solve for the constants «, 5 based on conditions in appendix C. The proof sketch of theorem 1 is
similar to that of theorem 2. |

As in Arjevani et al. (2020), we consider the same hard” function F' from Carmon et al. (2019a),
where for a fixed 7 > 0 and z € RT:

Pr(z)=-¥(1)®(1) + Z[‘I’(—xi—l)@(—fﬁi) = W(zi—1)P(2s)] 3)

where

= Dol

U(z) = {07 TUS2 g = ﬁ/x e 2" dt 4)

exp(1l — ﬁ), ifz > 3,

We introduce the following derivative estimator (for some 0 < p < 1) accounting for the fact that
the oracles are stochastic and biased:

[V9Fr (. 2.b) = (14 1(i > progy (@)} = 1)) - (VEFr(@) + b (z) s)

This function Fir is such that any zero-respecting algorithm that uses a p!* order stochastic and
biased oracle must make at least {2(7"/p) oracle queries to make the gradient small, and thus, we
can use it to lower bound the overall oracle complexity for biased and stochastic p!”* order oracles.
We use this same function to prove theorem 1 as well. The analysis for both of these theorems as
well as more details about this lower-bound framework is presented in Appendix C.

4. Upper Bounds

Given these lower bounds, we develop various algorithms to see if there exist any upper bounds
which match the lower bound. In Algorithm 1, we minimize a regularized p'* order model of the
function F' at each step of our algorithm.



Algorithm 1 Minibatch-Higher Order Derivative Estimation (MOHD)

Input: Derivative order p, Biased and stochastic oracle (O}, P,) € O,(F, 01y, Biyp) for F €
Fp(A, Ly.p), Precision parameter e, Initial parameter 2

p+1

1: Find constants {C;}}_, such that (for all n and all ¢ > 1): EHDt(O — VFOzM)||s <
1/ Ci-o? Bt Be
(S5 4By

1 ! 12 1)I-A 2p_
2: SetM:SLp’/rIZEP’T: [25\245;19—"”1: 0-%01.( 8(p+1)!-Ap er1)10-&-1
Munp+1-128(p+1)!-A, B, P
|%F’ N l%? N
3: Let 4, = % + 2(%)5, Al = % + (2%")5, 0 = maxs<i<p0oi, B =
4AM P 4M P
maXa<i<p Bi, C = maxo<i<p CZ
128(p+1)!-(p—1) A’ 2p_
4: Setn = |02C - (—— e GabEH )P
pe—1 p+1
Mn P —128(p+1)!-(p—1)A,B 2P

5. fort =1to T do

6:  Query the first order oracle n; times at z® and compute
1 &
DY (M) = — Y (t) ,(t.4) (t.3) ~
(') anVF(a? 2 0by), 2 P,
7j=1
7. Fori € {2,...,p}, query the i*" order oracle n times at () and compute
. ) . A
D@ (M) = - ZVZF(fL’(t),Z(t’]),bi), 23 P,
7j=1
Set the next point (1) as
"1 4 M
Y = argmin Z ~ DOy — M) 4 — vy - 20| P+
yilly—=®||<ni= v (p+1)!
8: end for

Output: 7 chosen uniformly at random from {z(®}7_,

In lemma 5, we show that there do exists constants {C;} such that the condition on line (1)
holds. In theorem 3, we analyze the oracle complexity of this algorithm for reaching an e-stationary
point, and observe that if the bias amounts are small enough, we get a total oracle complexity of

O(ﬁ =+ %), implying that as p — oo, we recover the known oracle complexity lower bound
€ P e P
of 0(6%) Here, we realize the benefits of using higher order information in biased and stochastic

oracle settings.

Theorem 3 Forany function F' € F,(A, Ly.p), biased and stochastic p-order oracles in O(F, o1.p)
2(p—1)

such that By = O(e?) and B; = O(e » ) forall 2 < i < p, with probability at least 3, Algorithm
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1 returns a point T such that ||V F (z)|| < € and performs at most

2 2
ocA (maxo<i<y 0i)°A
O( g + St )

€ P € P

queries to the stochastic and biased derivative oracles.

Proof Here we outline a proof sketch of theorem 3, deferring the full proof to Appendix A. We first
show that (lemma 7) for all M > 8L, and 0 < 7 < 1, we have that

M 2pl1 ptl
F(z) - F F(z) - F — |y —z|PT = (55)r - ||[VF(z) — DD
(@)~ F) > F) = F0) > gyl = =l = (577 - I9F@) - D)5
— 5 2 (T ) V@) = D@l -n'v
i=2
where
y € argmin my(z)
zi||z—z||<n
and

P
1 _. , M
—F DO 4y — DOy — 2l Ty — 2||PTY
ma(y) = F(z) + (D, y —z) + ; AP0 —al'+ ol — el
We extend this lemma to consider the case where D) are random variables in lemma 9 and then
develop an expression for the probability of reaching an e-stationary point, remarking that under the
following bias conditions, we get the e-stationary point with probability at least % |

4.1. Variance Reduction

Given the many works that have demonstrated the advantages of using variance reduction for
derivative estimation, we investigate the potential advantages of using variance reduction in a biased
setting as well. Many previous works have primarily relied on recursive variance reduction (e.g.
Fang et al. (2018)) to compute cheap estimators of the gradient VI (x(t)). In our implementation of
recursive variance reduction, we build on that of Arjevani et al. (2020) by estimating V*F' (m(t)) —
ViF (1) by averaging V*+! F-vector products for all i € [p], instead of just doing this with
the gradient. To derive this estimator, we first note that for all ¢, it holds that (by the Fundamental
Theorem of Calculus) for all z,z": VIF(x) — VIF(2') = fol VL E (2t + 2/(1 — t))(z — 2/)dt.
Now, to approximate this integral, we construct the following estimator for V*F', where K is chosen
to be proportional to ||z — z'||%:

1= k

= Y OVHF(@-(1- )+

K 7Z(Z)>b2)($ - .%',)
k=0

ViF = —
K
We reset the derivative estimators according to a defined probability metric b and dynamically set
the batch size proportional to the difference between the current iterate and the previous iterate
squared and incorporate this recursive variance reduction approach for all p derivatives. In theorem
4, we analyze the oracle complexity of this algorithm for finding an e-stationary point.



Algorithm 2 Higher-Order Recursive Variance Reduction (HO-RVR)

Input: Precision parameter €, probability b, current iterate x, previous iterate Zpyey, derivative order
i, derivative estimate with respect t0 Tprev, Dpyey» Biased and stochastic oracle (OL, P,) €
Op(F, O1:p, Bl:p) for I' € fp(A, Ll:p) .

1: Set

5(02, | + Liy1€)
K= ’V Hlbez Z '||5L‘_xpreV||2-‘

502

Setn = { = 1
Sample C' ~ Bernoulli(b).
if Cis 1 or D? __ is None then

prev

Query the ' order oracle n times at 2 and set

n

. 1 - . )
() — = i @) p. (7)) ~
D nZv F(x,29 1), 2 P,

j=1
6: else
7. Fork € {0,...,K},set
k k
2 = 1%+ (1= ) Tprev
8:  Query the i*" order oracle at the points {z(*) }f;ol and set
K
DO = D+ 3 VIO, ), 0 P
9: end if

Output: D)

Theorem 4 For any function F € Fy(A, L1.p), biased and stochastic p-order oracles in O(F, 01.p, B1.p)

such that B; = O(e ) forall1 < i < p, with probability at least 3 1, Algorithm 3 returns a point
& such that ||V F (& )H < € and performs at most
(maxi<ij<p 0;)2A A
O( 7311;101 : + 2p+1 )
€ P € P

queries to the stochastic and biased derivative oracles.
Proof We provide a brief sketch of the proof, deferring the full proof to appendix B. In lemma 11,
we prove that for all 1 < ¢ < p and all timesteps ¢t > 1,

66 »

E[[DO(z®) - ViF(z®)|]2 < 4B + 2 + 12Ber

10
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Algorithm 3 Higher-Order Recursive Variance Reduction Derivative Estimation (HO-RVR-D)

Input: Precision parameter €, Biased and stochastic oracle (O%., P,) € Op(F, 01.p, B1p) for F €
Fp(A, Ly.p), derivative order p .
1: Pick bsuchthat0 < b < 1.
2: Find M, such that

ptl
16(p+1)! (p!) » 2pl 1. 66 1
+2(=-)7) (= +0(1)) < ¢
+1 1
MibP iy M 5 8
3: Find M5 such that
16(p+1)-(p—1), (N7 2p-pli 66 1
= ()7 (5 +0) < g
Meb # 4My 2
4 Set M = max(My, My, 8L,),n = ber, T = {%]
5: Set (0 = (1) = 0, D) = None fori € {1,...,p}
6: fort =1to 1 do 4
7. DY = HO-RVR(e, b, 2(®), 2(=D_ D
8 Set the next point z(*T1) as
(t-+1) ~1 () M () [1p+1
2" = argmin =D;"[y — 2] + |y — = |P*
y:y—x<t>||Sn;“ t (p+ 1!

9: end for
Output: 7 chosen uniformly at random from {z(®}7_,

where B = maxj<i<p B;. Then we combine this result with the probability expression in theorem
3 (located in appendix A) to prove the theorem. |

Surprisingly, we find that applying recursive variance reduction does not improve the O( ﬁ +
e P

ﬁ) oracle complexity from Algorithm 1 and only reduces the allowable bias for the first order
e P

2(p—1) .
term. It is interesting, however, that with this scheme, we can actually have O(e  » ) bias for the
gradient term as opposed to the O(e?) gradient bias requirement for the MHOD algorithm.

5. Conclusion

This paper extends the settings of deterministic derivative oracles and stochastic but unbiased ora-
cles to consider derivative oracles that are both stochastic and biased. We provide a nearly matching
first order lower bound to complement the first order upper bound that is provided in this stochastic
and biased scenario in Ajalloeian and Stich (2020). We further extend this lower bound for algo-
rithms that use second order derivative information or higher for finding e-stationary points, and

11



developed a p*"* order-regularized trust region higher order algorithm that as p — oo, approaches
the ¢~ dependence in the lower bound under certain bias constructions. We slightly improve on
one of these bias constraint by using a variance-reduction based scheme by maintaining the ¢ 3
dependence as p — o0.

There are several opportunities for future work that arises from the results in this work. First,
our higher-order upper bounds only match the ¢ dependence of the corresponding lower bound in
the limit as p — oo, which leaves open the possibility of a stronger upper bound. Second, it would
be interesting to try and develop an algorithm that implements a variance-reduction based scheme to
try and loosen the bias restrictions on the first order term further, as well as reduce the bias amount
needed for the higher order terms as well.
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Appendix A. Proof of Theorem 3
We start by defining and proving some important lemmas.

Lemma 5 For any integer p > 1, there exists a d-dependent, n;-independent constant C > 0 such
that

p+1

E|D{) — VF'(@W)llof <27 - ()% +B," )

H
Q
S)
N
Sl
AN
S
+
-

forallt > 1.

Proof
E[||Df — VF!(a®)|| "]
= E[|[D} ~ VF'(a) = bi(a) + bi (=) 7]

< o7 (E[|IDY — VFi(e®) — b;z®)||"7 ] + E[||bi(c®)]| 7 ])

pt1

<27 E]|DfY - VF'(®) = b))% ]+ B, ")
Now, we can say that for any r € [1, 2]
E(ID}" ~ VFi(a) = bi(aD)][5,)
1 Sh g j i r
=l YT 9) = V) -t
J:
1 i = ] 7 2 r/2
< (Elll Zl VIF(@®,29) = VF () = bi(2®)|2,])"
=

C o2
S(iZ)T/Q

N

which follows from Lyapunov’s inequality and the proof below. Thus, we have a final bound of

2 p+1
ol/p . ((%)%1 +Bz’%)
n;
|
Lemma 6 Given A; € RW*Xdm ywhere dy = ... = d,, = d, and E[A;] = B and E[||A; —
B||?] < o2, we have that
1< C-o?
E[||— A; — B 21 <
s 324 Bl < =

for some d-dependent, n-independent constant C' > 0.
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Proof Let X; = A; — B and observe that

n n
E[Il Y Xill2) < Exxell Y Xi = X{113,)
=1 =1
n

=Ex [l ) ei(Xi = XDIIZ,)
i=1
n

<AEx. [l ) eXill3)
1=1

where (X[)"_, is a sequence of independent copies of (X;)!_; and (¢;)!"_, is a sequence of Rademacher
random variables. Now, take S such that S C {1,...,m}, where |S| = [m/2]|. We define

Zi &~ R(HKES dk)x(nkesc dk)

to be a flattened version of X;. Let D = min{] [, g d,[[1cge di), so in this case, D = dlm/2l,
We now prove that for any p, there exists d-dependent constants C7, C5, C's such that

1
HXiHOp <Cy- HZiHSgp < C2Clc§ -D2p - HXiHOp
We note that
[ Xillop

= sup (X, vV ... @u™)
=1 ... fJum) ||=1

= sup  (Z;,a1bi)
l|a1||=]lb1]|=1

< sup (Z, abT>
llal|=I]b]|=1

= ||Zillop < C2 - || Zi]|2 < C2 - omax(Zi)

for some constant Cs, since due to norm equivalence in finite dimensional spaces, there exists
constants C, Cy such that C - || Z;||2 < || Zil|op < C2 - || Zi|2. Also,

ay = ®u(k),b1 = ®u(k)

kes k¢S

Now

= C2 - [|Zil|sy,

< Cy- (D02, (Z:))%
— Oy D% - oy %)

< G201 - D -||Zilop
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Since

| Zillop =  sup al Z:b
llal|=l]b]|=1

expand a and b in their orthonormal bases as follows:
dlm/2] dlm/21

a= Z Ao, b = Z bsfs
a=1 B=1

which implies that
\aTZib|
= | ZaabB<Xiy €a & f6>|

a?ﬁ
< laal - [bgl - (X, ea @ f5)]
o8

<> laal - 1bs] - [1Xillop

a75
< |[Xillop - lall1 - [|6][x
< C:% ’ HXZ‘Hop

due to Cauchy-Schwarz inequality and since ||z||; < C5 - ||z|| for some constant C3 for all z. This
implies that

1 1
D% - ||Zi|lop < D2 - C5 - [|Xilop

which proves the inequality. Now, letting p = 1, we have that

n

n
Ex[ll ) eXillp] < CF - Exll Y eiZill?,]
=1 i=1

By Matrix-Khintchine inequality (Mackey et al., 2014), we have that

B lleiZil 2 )P
=1
<@p-1-10_2)"3,
=1
=2 =11 Z]|lsn,
=1

n
<@p-1)->_ |1ZllE,
=1

n
< (2p—1)-DYPC3CE - |1ZilI2,
=1

< (2p—1)-DVPC3CTCE - |IXGlI2,
=1

16



BIASED DERIVATIVES FOR NONCONVEX STOCHASTIC OPTIMIZATION

which implies that

Ex.[| ) aZll’] < DC3CTC5 - ) El|Xill5)] < d™*C3C7C - no”
i=1 1=1

Thus, after normalizing the final upper bound is
4dm/2C3CEC4 - o
n

which finishes the proof. |

Lemma 7 Let
"1 : M
ma(y) = F(z) + (DY, y — ) + > iTD(Z)(@[y -]’ + WH?/ — x| [PH!
i=2 ’

and let y € argmin,|._,| <, Max(2). Then, we have that

Fla) = F(3) > gy gyl = alP* = GR)F - I9F(@) = D)5
! pt1

+1

1 . .
)7 - |IVUF (@) = D'(@)llop -1 7

]

1< 2p p!
52
forall M > 8L, and 0 < n < 1.

Proof We have that F'(y) — F'(x)

< F(@) + (VF(),y— ) + 2 TV @l =l + _Lfl)! ly = 2!~ F(z)

< ma(y) + (VF(@) ~ DO (a)y — o) Zl, — D@y —af + gyl — ol
< (VF(z) — g,y — ) Z:p;ivlF (i)(x))[y—w]“rﬁﬂ) ly — ||+
<ol —ll T+ V@) gl -lly =l
+i;Hvz‘m)[y_x,:,...,;]_Dm(x)[y_x,;,...,:mop.|y_$||

since ||y — || < 7 and since < 1, we have that ||y — z||*"! < ||y — z|| for i > 2. By Young’s
inequality, we have that

2! 1 o ly— Pt M
IVE(z) = DU @) - ly — 2|l < ()7 - IVE(2) = DY ()| p+1)+( TES T
i
_ @ e l9F@) - D@ il — o]
M p+1 2(p+ 1)!

17



and

HVZF(Q:)[y — Ty, — D(i)(x)[y -z,

»Mlop - [y — |
A , ptl
<@ PP IVE@ -2 ] - DY@y~ ey My — 2l
M p+1 (p+1)-(2p-p!)
A , ptl
:(2P-P!)%P'IIV’F(fE)[y—SU,Z,-w!]—D(Z)(x)[y—ﬂfvi,-'-#]lloﬁ M|y — x|+
M p+1 2p-(p+ 1)
which implies that
M

- WHZ/ — z|[P* + ||VF(2)

— DO [Jy - al]

P 1 '

+ 3 S IVF@)y
=2

Tytyeo.y:| — D(i)(a:)[y—

z,5 0 op - [y — |
M 2p! 1 P+l M”y—iﬁHpH
<" My —z|PT () | |[VE(2) —
< spaopv el G P IVF@ =gl ™+ =5 =,
, ptl
bR IV E@ly = e DOy - k| My 2l
i=2 : M p+1 2 (p+1)!
3M 2pl. 1 p
T T p+1+ ol A S S
<—sormyl e+ )

pt1l
L)e - L[ VF(z) - DO(a))|>

p+l

N , A ptl
1. 2p-plaip-||VIE(z) — DD (2)||of

§ [( )p ” ( ) ( )|| P

pt+1
My —af[ 7 +M-Hy—m!|”“]
St M p+1 2p - (p+ 1)!
3M 2p!
_ _ pl|pt1 -
sl ol

1 (1) pt+l
2 L) - D)

P . 17 - i T) — (4) p
+Z;[(2p p!)gp [V/F(z) — DO ()| ">

Ay — )7 M'lly—ivllp“]
—2° M p+1 2p- (p+1)!
3M 2p! 1 pt1
Ty =zl (. F pW
<—sogmly sl + G 2 IVF@) - DY@
L~ 2p s o et M-y — x|t
+ - ||V D —x
5 LU IV F@) = DV@of -l =% + =5 5
M 2p! 1 ptl
T |y — |t (2 F p
<oyl GRS I9E(E) — DY @)
1<~ 2p-pl1 , pHL - pg
+5 2 () IVF@) - DY@l '
i=2
M 2p! 1 . 1S~ 2p-plL AL pi
— 2Pt (2N | IVE(z) — DD - ip D@ .
<—gpr ol ol + G IVF@ = DO + 5 ) IV F @)~ DOl o'
which proves the lemma.
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Lemma 8 Under the same setting as lemma 7, we have that

9M 1
HIVE()ll = " 1< %Hy—l‘!lp

p—1
p! I i i i
+ Mn,,(IIVF(:E) - DV @)+ AllV TF(@) = DU (@) |op - ')

Proof We have that

IF )]
p—1 p—1

< IVF@) ~ 3 2V F@)y — ol +11 5V F@)ly o] |
=0 1=0

p—1
plly—wll“rIIVF +Z VZ“F( )Ny — ]|

L | - i i i
< pfflly*wl\p+HVF(w)*D(”(m)IIJrIIZZ.*,[V TP (@)y — 2] — D (2) [y — 2]]]]
! — il
p—ll
(1) L oG+, i
+IDW (@) + 30 = DEDy — af|

=1

L = 1 7 % %
Sﬁl!y—w!\“rHVF(:L‘)—D(l)(x)HJrZﬂHV“F( z) = DU (@)]] - ||y — ||

p—1
1. .
+IDW () +) 5D(’“)[y — a]'||
i=1
L,+M i
< pp ly — || + [|VF(z) — m(ﬁﬁ)l!+ZEHV’“F(90)—D(’“( )| -y — ||
L +M ]
— lly — z||P + [[VF(z) — m(ﬂ?)l!+ZEI|V’+1F($)—D(’“)(SU)H'77l

since under first order optimality conditions for y € arg min, m,(z), we have that

Pl M
DW(z) + Z ﬁD(’“)[y —z]' + EH?J — 2|t @ —y) =0
=1
We now have that
p! ) 1 (i+1)
. P> . o 1 o - i+1 o i+1 . 7
lly — z[|P > Lp+M(HVF( Yl = [IVF(z) — DYV (z)]| ;i!l\v F(z) — DY (x)[| - n")
p! poly ) .
> min{n”, T +M(HVF(1/)H ~||VF(z) — DW(a)|] —Z.ﬁHVZHF(%’) — DU ()] - 5'))}
D i1 1.
) Pl (i+1)
S minfP B 1 B ' 1 igitt i+t i
> min{7n ,LerMHVF( (I I +MHVF( r) — DY (z)] LerM;“HV F(z) — D" (x)[|-n
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and since L, < M and < 1, we have that

+M

— 2P > mi P _ 1)
M|ly — z[|” = min{Mn ’L,,+MHVF( )|} p+M||VF( x) — DY ()]
—1
Mp! — 1 i i i
- S IV @) - D @)y
p i=1

-1
. 8p! «— ! i i i
> min{ M1, —=||VE)Il} = p(IVF(z) - DW @)+ FIIVR() - DD (@) - n')
which means that
8p! p1 1 . . .
min{Mn?, ~=[[VE(y)l[} < Mlly — |” + pl(||VF(x) — DY)+ SV (@) - DY ()| ')
i=1
which then implies that (since for all a,b > 0, al[b > a] < min{a, b})
9M =
Mn? - 1[[VE(y)l| = 87!77”] < Mlly —=[]” + p!(||[VF(x) = DV (@)|| + ) FIIVTR(z) - D ()| - ')

9M 1
1||[VF(y)|| > =) < =
IVEWII = gl < 5lly =

p—1
(IIVF( )= DW@)+ %I!VHIF(SE) = DD ()| - o)
=1

which proves the lemma. |
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Lemma 9 Consider the same setting as lemma 7, but let the derivative estimates D' be random
variables. Then, we have that

nPtl 9 (p!) 7 2pl, 1 0% ptl
E[F(z) - F(y)] = 16(p+1),P1"(||VF(y)|| Z Sl 7’)—[4%\7 +2(5 )] [(ni) » + By ]
etl P
pr (p) 7 2p-pl 1 Pl ED
- G + RPN LI + 5.7
Proof First, we note that
9M
1[[VF(y)l| = 8—}),?77’}
1 P P! =1 i+l i+1 iy 2L
S(WI@/-SEH +M77p(\VF(iU)—9H+Z;i!HV F(z) = D™ ()|l -n")) »
1=
91/p e Bl A L
< 2y — el 2 (B SR (S7VE R) — D @) )
n n — il
2/p +1 | ol/ p! et 1 i+l i+1 iy 2t
< oy =P+ 20 () QO SIVFF (@) — D (@) )
n n v
ptl —1
2 2(ph) » L " ™ - pt1
< ly —2|P" + S Q_ IV F(z) = D™ (2)|| - ')
nptl M%np+1 ZZ;
2 2(17')%1 = +1 i(p+1)
. y ] L L
< ly — 2|t + ——— P D [V F(2) = D @) e e
npt M%%pﬂ Z.z(;
4@1)’%1 pl , ptl (1)
< ly — 2P+ ——— D IV F(@) =D @) v - w
nptl Mprlnp-l-l ZZ:;

where we used the fact that for any a; > 0, we have that

which follows from an application of Holder’s inequality. We also used the fact that for all p > 1,
p!/P < 2. Taking expectations on each side, we have that

p+1 -1
Pt M 200) 7 X i i ptl
Ellly =2l 2 5= PrUVEW)I 2 ) = = S 3BV FG) = DT @l
’ P i=0
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From the earlier lemma, we know that

E[F(z) — F(y)]

M 2p!
> _ p+1 _

1 ¢ RILIT SR
52 V@) - D@l '
=2

’3

pt+l -1
MnpH1 OM 2(p!)pp 4 1 1 ptl
> _— 1 Pr(||VF >y 2 N CE[|VTLR(@) = DY) e o0 e
> Top 11 UIVE@IN = o) -8+ 1) ; [l (z) @)||7 -
2p! 1 e 1=, 2p-pli1 ; oopH pil
~ (577 ElIVF(@) = DO @) 5] = 5 3 ()7 B[V F@) - D@7 -0
=2
an+1 VF 9M D (p!)% i [Hv +1F( ) D'+1( )Hm ilp+1)
>7 [ . ¢ ¢ T P . P

- ()} EI|IVF() - D“N@H‘T]—;Z(Qp'p’)i~EmviF<x>—Di<x>|r’T]-nT

We then have that this expression

-

. an-‘rl oM . (pl)pT 27@% . (1) p1
= T6p 11 UIVEWIN = ) = Foar + (5771 EllIVE(@) — DD ()| ]
_ (P!)%l 'p_l () — DIt (g pf. 1(p+1) 1 2p-p! p i B
T ;E[HV F(z) — D™ (z)]] Z E[||V'F(z) = D'(2)|| » ]-n
+1 % 1 pt1
= Sags 1 PO FOI = )~ (F + 3BV F) - DO @)
W () — Di(a)|| B ey LS 2Pt o i@
Yy ';E[HVF(OC) D*(x)l[# - n ] 22( )7 ElIVIE() = D'@)| ] -
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Since n < 1, we can further lower bound the expression by

p+1 p+1

= D@7 -0

1
Mnptt 9OM (p!)pT 2p! . 1 pt1
16(p +1)! Pr[VEWIl = ") = [8W + (571 EllIVE@) =gl #7]
et p
(p!) P . ) pt+1 (p+1) 1 2p - pl 1
— . ElIV'EF — D _ = E[||VIF
SUT ; IV F (@) = D'(@)|| 7 -0 7] ;( " E)s - E[IV'F(x)
1
Mnptl IM (p!)pT 2p! 1 p+l
= — L __Pr(||[VF(y)|| > =) — NS E[|VF(z) —
16(p - 1] r([IVE@I = gom”) [SW + (57 EllIVE@) —gll 7]
ptl P
el (pl) P 1 2p-pl 1 i p pt+1
—ﬁp(gm +5(; )”)gE[HVF(x) DY (z)[| 7]
1
an+1 9M (p!)pT 2p! 1 O - 0F il ptl
>7 F(y P — i .ol/p 1\5 B.2P
p+1
p+1 (p') D 1 2p p' 1 1/ C’L 0_2 41 T-’271
— 2 p. 1\ 72 +B P
0% s a2 (T BT
VP rl e Dy (@07 o (Gt
~ 16(p+1)! Y= 5 4YM M n 1
o
pit (p) v 2p-plia G Cicof pbt B
i\ 3y B2
0 ST 1 5

where we used the fact that 21/7 < 2forallp > 1.

We are now ready to prove theorem 3 which we repeat here for the reader’s convenience.

Theorem 10 For any function F' € .7-" (A L1.p), biased and stochastic p-order oracles in O(F, 01.p)
such that B; = O(€?) and B; = O(e )for all 2 < i < p, with probability at least 3, Algorithm

I returns a point & such that ||V F (& H < € and performs at most

2 2
orA  (maxoci<p0i) A
3pt1 3p—1 )
€ €

o(

queries to the stochastic and biased derivative oracles.

Proof Using lemma 9, we have that:

E[F(z") — F(a!"*1)]

p+1
Myt IM (p)) > 2pl 1. Cy-0? et
7pr VE (DY > 222 ppy — +2(25) e (Y =
> oo PV EEED)) p!m Mo 2P )
pt+1
el (pl) P 2p Pl g
—nr P 2p + B.*P
U <4W ;:2 i ]
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and telescoping this recurrence implies that

E[F (V) — F(zTHD)]

e Z Pr(|[VF V)| = o) - T[f’{?/;%l o (B g
- Tnpﬁ(j’;g RSO Zzp;[(%f? )%+ 87
A @ > Dy - T a2 Py 5,
- Tn”f<(ij/§ e g[&f? )%+ B
which implies that
Pr(VF@| = o) < T 1%;%%% o2 (P g
16(p+ 1! ent (p)"7

2-pl 1 N, o2 ptt ptl
w7 Car * G M LI £ B

=2 i
p+1
16(p + 1)! 16(p+ 1! (p!) » 2pt 1. Ch o7 ptl gl
B an+1TA Mnypt1 [4W 25,71 ny B
p+1
16p+ 1) ()7 2p-pl 1 G, Cie02 prr 2il
+ +( )7) Dl £) %@ 4+ B;”
PRt s TP |

Now, from our setting of 7', we immediately conclude that

!
Since
s ()" Eay
PoaMmye M
and

From our setting of

128(p+1)!- A
m:[a%Cl-( (p ) L

Muptl —128(p + 1)! - A, B,
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we have that

2 p+1 ptl
()5 < () (g
ni Cl 128(]? + 1)' . Ap
which then means that
16(p + 1)! Cy - 03 1 el 1
Moot p [ " L) +B12p]§§

Since

0 = max 0;, B = max B;,C = max C;
2<i<p 2<i<p 2<i<p

From our setting of

128(p + 1)! - — 1A
n:ni:[0-2c,( — (p ) (p )p +1)%_|

M5 —128(p+1)!- (p— 1)AL B2

for all 2 < ¢ < p we have that

2 -l
(Z) < g - B
n; 128(p+1)!- (p—1)4,
which implies that
16(p + 1)! Ci- o2 pr1 B 1
p2—1 A;Z[( Zn Z)Qp "‘BzQp]Sg
Mn » i=2 !
which implies that
. 9 5
Pr(|VF(@)]| < £ ) 2 5
proving the first part of theorem 3. Note that running the same argument with € < giM!e will

recover the € upper bound exactly. Let M; denote the total number of oracle queries for V' F and
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let M =P | M; denote the total number of oracle queries. We have that

E[M]
P
=M+ E[M)]
=2
P
i=2
128 n-A 2p_
< T(o7Ch - ( (Pt -4y M)pfl +1)
Mnp+t —128(p + 1)! - A,B,*
u 128(p+1)!- (p— 1) A, 2
+TY O (g DR ity
' Mn » —128(p+ 1! (p—1)A,B B
128(p+1)!- A, 2p
T(O’%Cl . ( p+ p+1 ) +1)
Me» —128(p+1)!- A,B,*
u 128(p+ 1)!- (p— 1A, 2
+TZO,20 e (p+ 1! (p—1)A4, +1)Tf1+Tp
p
' Me »* —128(p+1)!- (p—1)A,B 2
o2 o2
<T- O( L) +T-0( ) T 1P
€ P
2(p+1)!A o? 2(p+1)!A o? 2(p+1)!A
S(C g+ D) 0(G) + (g + 1) Olg) + (= —r— + 1) 0(1)
Me » € Me » € » Me »
2 2 2 2
oi A oA o o°A A
<O Tt 2t s T )
P € P € P € P
U%A (maXQSigp JZ‘)ZA O'% (maXQSigp O'Z')ZA A
< O( oy ptl 3p—1 +?2 2(p—1) L‘H)
P € P € P € P
which (after Markov’s inequality and a union bound) finishes the proof of theorem 3. |

Appendix B. Proof of Theorem 4

In this section, we prove theorem 4. Given an objective F' € F,(A, L1.;) and a stochastic and biased

th order oracle in O, (F, 01., B1.p), in order to obtain derivative estimates D(1) (2(")), ... D®) (z(1)
for each timestep ¢ > 1 and each derivative order i € [p|, we do the following (adapted from Arje-
vani et al. (2020)):

2 = AOMDY . DO ), b = BO (1)
DY = RVR(e,b®) 20 (=1 DO

where A®) and B®) are measurable mappings of the optimization algorithm and {r(t)} is an inde-
pendent sequence of random seeds. In our setting, b is fixed as a constant b for all t > 1. Theorem
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4 holds for any sequence of queries such that G(*) = a({D](-i), r()} j<t), where we have that b is

independent of G (t=1) and D,@l for some filtration G()

Lemma 11 Let B = maxi<i<p B;. Then, we have that
; 66 2
E[| D (z®) — V' F(z™)||’] < 4B + = D& 4 12Ber

foralll <1 <pandallt > 1.

Proof First, we note that

E|| D' (V) — V' F ()|

ni

1
_ (WY L 1), 5 (L9)
E[]16s(x )+nlz 1(x )
7=1
<2B? + 2)| 12 < 2B? + 21< B? + 2
<25 QZHQ I < 287+ 270 <
Let e®) = Di(z")) — VF ("), and we have that
E(|le®]?p®] = 6@ - E[[]e?| |0 = 1] + (1 — b®) - E[||?|*|C? = 0]

where

E[[e®|*|C® = 1] < 2B} + 2%

We now say that
E[lle®|]*|c® = 0]
< E[||e“ + EpPIGWNI1%) + E(ll9 - Elp®|gW]|?)

SB[+ o) - eC VIR + E[(1+ o) - B[O IGONP) + Bl [g ~ Bp® g0

where the first step follows from the fact that G(*) is a measurable set, and the second step is by
Young’s inequality. Above, we have that

K@)
) = e — =) = N " p(gAD L0R) ) (o (0F) — g (0E=D) — v p(0) 4 VIF((D)
k=1
We can calculate that
E[¢(t)|g(t)]
K@)
_ Z(viJrlF(x(t,kfl)) + bi+1<x(t,k71)))(x(t,k) _ x(t,kfl)) _ sz(x(t)) + ViF(x(tfl))
k=1
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which implies that

B[ g0
K®)
< Z H(VZF(x(t,k)) - viF(x(t,k—l)) o Vi+1F(x(t’k_1))($(t’k) - l‘(t’k_l))H

K ()
+Z!Ibz+1 EE=D)|[- 2F) — A1)

L; |z — 21 -
(t) , i+l 2 ) () _ .(t=1)
< KO 2 (e 4 B o) — 2|
bt
< TO + Bz+177
b(t)e 1
10 +Bz+1b() p
since we set
’]7 = b(t)E%
We can also derive that
E[|[$®) — Elp® gD
K®
K(t) 5 Z E H vz+1F (t,k— 1) (t,kz)) _ VH—lF(x(t,k—l)) o bi_:,_l(.%'(t’k_l))(x(t) o HJ(t_l))Hz‘g(t)]
k=1
1 K@)
i1 t,k—1 t,k i+1 tk—1 ) t.k—1)\(12 t t t—1)12
< (K02 ;IE[II(vz F (=D Ry — g p(pth=Dy — by (2BFD))2 |60 - []2®) — 20D
o |lz® — 22 (t)f
S 0i+1 K(t) S b 3

which implies that

E|le®]?
<EpY . (2B} + 2562) + (1= (1+ b;))l\e(“)I? + (1= (1+ b?) )(b(f;6 + BiabVer)? + b(t)i]
E[p® . (2B% + 2;2)] +(1— M)He(t*w? +E[360 (e + Ber)? + b(t);]
<(1- E[I;(t)])ue@l)yﬁ +EpY] - (2B% + 2;2 + 6 + 6Ber + 652)
=(1- E[l;(t)])ue“lm? +EpY]- (2B + ?8 4 6Ber)
(

t) (*)
=(1- EU;])He“—“H? + EV;] - (4B? + 6—;3 4+ 12Ber)
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which implies that

Ele®]|?
t
2 4 2 1
< @B+ B2 19pdy - 22+ B 4 19863 T[]t - SEp@))
5 5 i 2

66 2
< 4B+ 2+ 12Ber
since 1 — %E[b(s)] <1 [ |

Now, we prove theorem 4. We state this theorem here again for the reader’s convenience.

Theorem 12 For anyfunction F € F,(A, Ly.p), biased and stochastic p-order oracles in O(F, 01.p, B.p)

2(p—1)
such that B; = O(e 7 ) forall 1 < i < p, with probability at least 3, Algorithm 3 returns a point
& such that ||V F(z)]| § € and performs at most

a2A A
O(—zx + —27)
€ P € P

queries to the stochastic and biased derivative oracles.

Proof Observe that from the proof of theorem 3 (with A, and A;, defined as before), we can say
that

. 9IM 6(p+1)!-A 16(p+1)!-A ptl

Pr([[VE(2)|| > % i) = M Tt apge PE[|V'F(z) — D'(2)]| 7 ]

16(p+1 ) pt1
200Dy S i) - i)

Mn P i=2

16(p+1)!-A  16(p+1)-A 1
= MnpHiT * Myp+1 LE(||VIF(z) - DY()|]"] 2

16 1)! . Pl

Bor D, ZE IViF(z) - Di(@)] )5

Mn P

16(p+1)!-A 16(p+ DA, o 66, 2 pil
e+ B + T 1286

6(p+ 1! (p—1 66 \
NEIUAs )pL(lp )A;-(4B2 ¢ +12Ber) 2

Mn »
6(p+1)-A  16(p+1)!- A4, p+l 66 ptl ptl pil
Mnp+1T Mypt1 (4B v TEer +12B 2 € )

1 D (p—1)A!

L LoerD pg(i A 4B %?JZ +12B% )
Mn »

1, 16(p+1)!- Ap(4BT L 66 12B% 160+ 1L (0 1)A;,(4B‘T 66,25 1285
= 4 —_— 76 —_

8 Mbpp+1 6PT+1 5 6;)17;1 MprP—l epigl 5 6(;7 2}3§p+1)
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Based on our setting of M, it is clear that we need B = O(e ? ) to achieve e-stationarity with

constant probability, and so we have that

9M P
8p!

Pr(|[VE(2)|| = % ") = Pr([[VF(2)|| =

)< 3
L3
8p! -8

which proves the first part of the theorem. Note that running the same argument with € <— g Mbp €
will recover the e upper bound exactly. Let M; denote the total number of oracle queries for V*F
m; denote the number of oracle queries in each pass, and let M = Y 7} 1 M; denote the total number
of oracle queries. We have that

E[M]
p+1

=> E[M,

p+1
—TZPr E[m;|C = 1] 4+ Pr(C = 0)E[m;|C = 0]

—TanZ (1-b)K.

502 5(02, 1 + Lit1€)
STZ (S + D)+ =b) (= +1)
i=1

Letting 0 = max; 0;, we can upper bound by

p 2 2
50 5(0% + Lit1€)
TY b + D)+ (1 =b)(—— 5= +1)
1=1

i 56202 4 50 +5L;11€ 49
- o
<T-O(— + -
< (62 + 6)
2(p+1)1A o 1
<( m +t 1D 0(=+-)
€ €
a’A A
= O( 3p+1 2p+1 )
€ P € P
which finishes the proof. n

Appendix C. Proof of Theorem 2 and Theorem 1

We first go over some notational conventions used in this section. These are the same as in Arjevani
et al. (2020), but we repeat them here for the reader’s convenience. Given a pth order tensor 1" €
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R¥*--xd we define the support of 7" as the following:

supp(T) = {i € [d],T; # 0}

where T; is the (p — 1) order subtensor denoted by [T3};,,... j,_; = T ji....j,_, - For a tuple of tensors
T = (1M, 7. .), we define

supp(T) = USUpp(E)

Moreover, given x € RY, let
prog, (x) = max{i > 0, |z;| > a}

which represents the highest index of = whose entry is at least o from zero. Notice that for any
ar,az € [0,1) such that oy < arp, we have that prog,,, (x) < prog,, (z). For a tensor T', we define
prog(T') = max{supp{7'}} which represents the highest index in supp{7'}, and naturally for a
collection of tensors 7 = {7}, we define prog(7) = max; prog(T®).

Definition 13 A biased and stochastic algorithm A is zero-respecting if for any function F and
pth-order oracle OY, the iterates {x ")} satisfy

supp(x(t)) - U Supp(O%(x(i)’ 20, b(i)))

1<t

forallt € N.

Definition 14 A collection of derivative estimators V' F(z, z,b), ..., VPF(z, z,b) for a function
F form a probability-p zero-chain if

Pr(3z| prog(V'F(z, 2,b),...,VPF(x, 2,b)) = prog%(x) +1)<p
and

Pr(3z| prog(V!F(z, 2,b),..., VPF(x, 2,b)) = prog%(:z) +i)=0
foralli > 1.

Lemma 15 Let V' F(z,2,b),...,VPF(x, z,b) be a collection of probability-p zero-chain deriva-
tive estimators for F : RT — R, and let Ob(z, 2,b) = (VIF(x, 2, b))geq1,...p}- Let {xS%OF}} be a

sequence of queries produced by algorithm A interacting with O%. Then, with probability at least
1—9,

prog(z®) < T
for all

< T —log(1/6)
ST,
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Proof Proved in (Arjevani et al., 2020). |

Define
T
Pr(z) = —U(1)(1) + Y W(—ai1)®(—2;) — U(zi_1) ()]
i=2
where
U(r)=0,2<1/2
i B 1 1 1
(z) = exp(1 — m),x > 5
and

xX
D(z) = \/E/ e 2t dt
—00
Lemma 16 For Fr, the following properties hold:

* Fr(0) —inf, Fr(z) < AoT, where Ay = 12

e For all p > 1, the pt" order derivatives of F; are {p-Lipschitz continuous, where £, <
exp(%plogp + ¢p) for some ¢ < 00

e Forallz € RT, p e N, and 1 < i < T, we have that || V! Fr(z)||op < €p—1
 Forallz € RT, p € N, prog(ViFr(x)) < prog%(ac) +1
s Forall v € RT, ifprog, (z) < T, then |V Fr(x)|| > IV orog, (@)1 Fr(x)| > 1
Proof Follows from (Carmon et al., 2019a) and (Arjevani et al., 2020) |
Define the derivative estimators used to be
[V9Pr(z,2)]s = (1+ 140 > progy (2)}( = 1)) - (VEFr(a) + H(2)
where b} (x) = 0 for all i > prog; 4(2) + 1, [|bj(x)|| < By, and 2 ~ Bernoulli(p).

Lemma 17 The derivative estimators N9 Fp form a probability-p zero-chain and satisfy:

la_1(1—p)

= 2 2 q—1 2
E[||VIFp(z,z) — VIFp(2)||]*] < p + 2B,

Proof First, we prove that these derivative estimators form a probability-p chain. First, by the
definition of Fr and b;, we can immediately conclude that [V?Frp(x, z)]; = 0 foralli > progi (z)+
4

1. Now, when i = prog () + 1, we have that [V Fy(z, 2)]; = i (VIFp(z) 4+ bi(z)). if 2 =0
4
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(with probability 1 — p), then we have that [VZF(z, z)]; = 0. So, the first condition also follows.
Now, we can say that

E(|IVFr(z,2) — VIPr(2)| ]
< 2R[||VIFr(z, 2) — VI Fr(z, 2)||?] + 2E[|[V! Fr(z, 2) — VIFp(z, 2)|*]

202_1(1—p)
< 2|[by(a)||* +
p
202 (1 —
<2B?+ 2 =0)
p
where V is an unbiased but stochastic derivative estimator. [ |

Now, we prove theorem 2. We let Fij, = aF'r(fx) for some constants «, 8. With probability at

least 2, we have that prog(x( E }) < Tforallt < T . Since prog; (z) < prog(z), we have that

of

!-aﬁEHVP%(() =3

EHVFT( A[O%]

g

and that

E||VIF}(z, 2) = VIFp(x, 2)||* < o5

202 (1 —
q‘l(p p)+2B§)

We now set constants such that

e aAgT < A

. aﬂqﬂéq <L,

. aﬁ > €

. a2p% (% 0 (1- p)+232)<2g +2B2 — a252q(3 1(pl ”)+B2)<a + B2
First, we let o = 26/,6. Now, we set

262€%
p= mln{ 2+BQ a262B%’ }

which means that we can say that

21—

p
2

£
< OéQBZq( q— —I-BQ)
p

a®5%( + B})

53—1(‘71 + B} — o*°Bj)

2 52 2
< a7 T + By)
2(qg—1) p2 2 2 27212
< p b q(of 4;31 a*fB°BY) + a2p2p2
202 (0F + B} — 4€* B}
_ ﬂ q—l( 162 1 1) + agﬁqug
0
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‘We now set
pADEE | (0% + BY — 4¢*BY)
&

+a’B%B; <o) + B}

We solve for 3 such that

BV (0% + B — 46’ BY) _ ol + B2

2 =T
and
2 2
2022 — %4 T Bq
a2pHpY < St
From these two conditions and the Lipschitz condition, we set
(3(c2 + B2 ol + B2 Ly 1
B = min min{(-— 02( 1 ) )2(;71)’(%)2@ 7, (—L)7}
q'€{1,....p},qe{2,....p} 2£q71(0-1 + Bf — 4€?By) 8¢ By 2ely
which implies that we can set
62 O'2 + B2 L, 1
8= min min{(=— 02( 1 i) )7em, ()7}
q€{1,....p},q€{2,....,p} 2€q—1(0-1 + Bl — 46231) 2€£q/
and we also set
A Ap
T=|—1=l5]
Oon 2A0€
which means that we have that (assuming € < v/2/4 and T' > 5)
T—-2 1, ApB
= (] -2
P p2Ag€
o1 A8
— 2p 4Age
2 2 4.2132 2(2 + B2 )
> 2(01 + By 246 Bf) A i min{ (- 02(0'q —|—2 7) )ﬁ, L, %}
O£2,82£0 4A06 q' €{1,...,p},q€{2,...,p} 2€q71(01 + Bl — 46231) 2€€q/
2 2 4,.2nR2 2(02 + B2 ,
> 2(0% +B12 246 Bf) A i min{(=— 02(0q —1-2 7) e, L, )%}
4e €0 4 Ape q' €{1,...,p},q€{2,....,p} 2£q—1(0-1 + Bl — 4e Bl) 26£q/
2+ B? —4BYH)A (3(02 + B2 1 Ly 1
> (Ul+ 1 > € 1) . min mln{( - 02( q 5 q) 5 )2(,1_1)7( q )ql}
863£0A0 q'€{1,....p},q€{2,...,p} 2£q—1(0-1 + Bl —4e Bl) 265,1/
2 +0.5B7)A (3(c? + B? Ly 1
> (01+ > 1) . min min{( . 02( q 5 q) )Q(ql,l),( q )q/}
SEBEOAO ¢ €{1,....p},q€{2,...,p} 2€q_1(0'1 + Bl — 46231) 26£q/

We now prove the first order lower bound result, with the corresponding upper bound presented in
Ajalloeian and Stich (2020). The analysis follows in similar vein to that presented above, but we go
through it again for completeness.
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Remark 18 Our oracle model is the same as in Ajalloeian and Stich (2020), when setting M =
m =0, 0 = o1, { = By, and finding a point x where || VF(z)|| = O((e + B})/?)

Proof The setting of constants M, m, o, ¢ follows from definition 1, assumption 3, and assumption
4 in Ajalloeian and Stich (2020). The last point follows from the fact that in theorem 4 of Ajalloeian
and Stich (2020), the goal was to have iterates {z;} such that

T-1

1

= S EIVSO) =0 + BY)
t=0

which we can equivalently express as
. 1
IVE(&)]] = O((e + BY)?)
where & is drawn uniformly from {z;}. [ |

We now begin to prove theorem 1. Using the same function Fr as earlier and letting £} =
aFr(Bz), we set constants such that

e aAgT < A
« af? <Ly
» > (e+BY)?
. 252( 51— p +BQ)<01+32
Carrying out similar algebraic procedures as before, we set

s a=2c+B}):/8

.« 4(e+B2)(3
p= a%+3274(6+3%)3%
N 2(e+B2)2€1
A
o« T = L7ﬂ1 ]
2A¢(e+B?)2

We have that with probability at least 3 7 (assuming € < Land T > 5),

T-2 1 AB

2 p\oa e Y
p P 2Ag(e + B?)2
L1 a8
2p 4A0(6 + 31)5
of + Bf —4(e + B})Bf A ' L
B 8(e + BY) 4A0(6+B%)% 2(6+B%)%€1
_ ALi(of + (1 —4€)B} — 4BY)
N 64A0€3£1 (6 + B%)2
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Now, since € < %, we can continue to lower bound this expression as follows:

which finishes the proof.

ALy (03 — 4B})

64A0020, (e + B2)?
- ALio? AL
B 64A0f%fl(€ + B%)Q 64A0€3f1
ALjo?
2 O Xt (e + B2
ALio?
Aol2ir(2 + BT)

= O(
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